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WL & PR O )

Hir ofw®)} =W(s) , BHER[E

_ _ @IV g — 9 wis) =
2sW(s) —s 0 + (1 —2n)sW (s) OISW(s)—O

dw (s) S
ds + (1+2n)52 +1

W(s) =0

. dw (s)
S) _ _ S
W) (1+2n)—52 1ds

Wit 15 .
In|W(s)l = =5(1 +2n)In |s? + 1| + ¢4
C
W(S) = ———
(s2 +1)"="
(c)
C

MO e

_ 1 1 —(+n
= C{S1+—2”(1+s_2) G+my

of 1 = |=(3+n)
Sl+2n m=0 m

1m
(™

© [G+m] 1
m Sl+2n+2m

= C
m=0

4

wt) = 2 H{W(s)}
< -G+m| 1

=
m=0
o _(% + n) t2m+2n

m (2m + 2n)!
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itk I & P O ) 102-19

ES)la¢

°® 2(—up + uyq cos nn)e_nnx

sin Nm
nm y

u(x, y) = (u1 —ug)y +up +
n=1

7. BH OB OBLF() £E— HANEES

f)=1+t; —1<t<l1

(1) Bk B BfM K SLEEREL (Fourier series) o (8%)
(2 MHfFOB SCERECKHTIIREZM

1 1 1
1=3%577
(3) B F AR f() & IEBRBERPERM (—co, o) B #,
AR F (1) + F(=5) — 3F (0) = ? (3%) , 102 5 KRR
IS
D
t= bp, sin(nt)
n=1
Hrp
1 n+
by=2  tsin(nmt)de o —2°08NT _ CD™2
0 nm nm
Eﬁ oo n+1
f)=1+t=1+ - (_1r:n 2 sin(nmt)
@ 4= @R
1+ 1 =1+ T DT sin on
nt1  Nm 2
1 1 | T
I=3%5" T2

(1)
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©)

F(1) + F(=5)— 3F(0) = 1-

au

143x1%—1
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10. 102 kL & Fr (P)

1. (8%) Let

f(x)—1_X_X_2+X_3+X_4_X_S_X_6+X_7+...+X_96_X_97_X_98+X_99
B 20 31 4 5 6 7! 96! 97! 98l 99!
Find the closest value of maximum f(x) forx R and -3 <x < 3.
@0 (1 ()2 (d)e (e)m/2 : 10278 KBtk
iz A
f(X) = 1_X_X_2+X_3+X_4_X_5_X_6+X_7+ +X_96_X_97_)(_98+X_99
B 2031 4 51 @6 7 96! 97! 98! 99!
2 x4 %98 3 x5 %99
= _ 4 — 4+ = —) — T
TR g XT3 T 99!
= COSX —sinXx

= "2(cos cosx — sinxsin &)
v. 4 *
_ m
= 2cos(x + Z)

V_
oy = —g B, BEEA B f(g) = 2, HGE (o)

2. (8%) (\/Z — 1)1 =9
@0 (1 ()i (dmn (e)2013—2013i
, 102 2 R A H

il (Q+i)2=1+2i—1=2i, &

V_
( 2f — 1)2013 — (1 +ij— 1)2013 — iZOlZ x<|i =i
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7. Please solve the following di erential equations :

dy . oy 0
(a) i X+y2 subject to y(—2) =0 (7%)

() y =2x(y)* (7%)

(c) Given that y; = x° is a solution of x?y — 6y = 0. Use reduction of order to

find a second solution on the interval 0 < x < co. (9%)

102 58 R

1>
(@) FEAAR K
dx

X 4y? — —x=

dy

2

BORTRE 1=, &
Ix=y% Ydy=eY(—y?—2y—2)+c

ES)lag

x =—y?—2y—2+ceY

HH y(-2)=0, AfF c=0 |

X=—y>—2y—2

(b) wp=y,fX ODEH#H

p = 2xp? 9 _ oxdx

0?
R AR 53 ] 15 . .
—_— = 2 + C = = —
P X 1 p=Yy X2 +c;
s
1
y=— dx:—wétan_lwé+02
X2+ 1 C1 C1
vV_ ,
/% Cl = C1, %ﬁﬂfﬁa’ 1
y=——tan" ! = +c,
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11. ML & FF () % %% 102-81

4_.3\
£k A
5 6 30
S= - A A
5 6 30
0 - A
6 30

WS BIERE B

-3 0 0
D=S"IAS= 0 1 0
0 0 7

4. Solve the problem using Laplace transform. (15%)
y +4y +4y=1+3(t—1), y(0)=0,y(0)=2
: 102 3 KB

1 ¥ ODE WYX L -T AI#5
s%Y (s) — sy(0) —y (0) + 4{sY (s) — y(0)} + 4Y (s) = % +eS
Hip 2y} =Y (s) , BEAR

1
(sz+4s+4)Y(s)=2+§+e_S

Y(s) = 2s+1 1 s 1, 8 1 1 .
S s(s+2)2  (s+2)2 4s 2(s+2)2 4(s+2) (5+2)2

R
y(t) = 2 HY ()} = % + gte_Zt — %e_Zt + (t—1)e2EDHi —1)
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1,-13) (1-13)
| =  3x%dx + 2yzdy + y?dz = d(x® +y%z) = (G + y?2) =2
C 0,1,2) 01,2)

3. (17%) Find the Fourier transform of f(x) =1 if |x| = 2 and f(x) = 0 otherwise.
, 102 3R B%AH

e B H FEK
f(x) = 1 ,|x|s2_
0 ; otherwise

[

F{EX)} = f(x)e”™X dx
P

= (coswx — 1sin wx) dx

-2
2 i 2

= 2 coswx dx = 23|nwx
0 W o

2sin 2w

w

4. A damped mass-spring system is actuated by an external force. The model of
system is described by di erential equation :

y +5y 46y =12u(t—1)—6u(t—3), y(0)=0, y(0) =0

(1) (7%) Determine the response of the system.
(2) (7%) State the steady-state of the response on t > 3

: 102 3R B
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14. AL @ B (P) % %7 102-99

i JRAAER B

{xD? +|(x* —3)D — 2x}y = 0

BIleSE= vy 259
(XD —=3)(D+x)y =0

45z = (D + x)y, A&
xD—-3)z=0 Xz —32=0

5

T Ui AR 20 ] A

In|z]| =3In|x] =¢;

Z= 01X3 ) E&

(D +x)y =z =c1x°

B— i BOERFE 1=/ XX =T g
ly = clx3e§ dx = cleé(x2 —2)+cp

Y(X) = c1(x2 — 2) + e

2
1

w N
=

3. A=

1 2 2
(a) Find A™! using the method of Gauss-Jordan elimination. (8%)

(b) Find the eigenvalues of A™1. (8%)
(c) Find the eigenvalues of A>. (7%)
(d) If D =P IAP is a diagonal matrix, find the matrix P. (7%)
: 1027 K ARH

IS5
221|100 R 12 2|00 1
13
@ 131010 ——> 131010
122|001 221100
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20. 102 L & Fkr

1. Use the idea of matrix to solve the following system of linear equations. (15%)

X1+ 2Xp + X3+ X4 +X5 =0
—X1 + X3+ X4 +2%X5 =0
Xp +3X3 +4x5 =0
—3X1 + X2 +4x5 =0

: 102 Hr B %%
1 2111 12111 1211
R(l)R(_s) R
1011 2 17 Ria 022 2 3 22 0 1 30
[[? - —_—
0 130 4 0130 4 02 2 2
3100 4 07 33 7 07 3 3
1 2 1 1 2 11
-2 (=7) (=972)
R33 " Ra4 01 0 4 R34 01 0 4
> _—
00 —4 2 -5 00 —4 2 -5
0 0 —18 3 —21 00 0 —6 3/2

G xs=8c,Blxs=2c.%x3=-9c. X, =-5c. %1 =9c, c BEEEH,

~N w A~

2. The circuit has the output voltage q(t)/C as the following equation. The current
and charge on the capacitor are zero at time zero ( q(0) = q(0) = 0 ). Please
determine the output voltage response to transient modeled by o(t). (15%)

g +20g + 259 = o(t)

7

, 102 B

15 ¥ ODE WiimiY L-T , A]15

s°Q(s) — s4(0) — q (0) +20{sQ(s) — q(0)} + 25Q(s) = 1



L & Fr X %¥A 102-139

Hi ofq)} = Q(s) , BEHT[5

(s> + 20s + 25)Q(s) = 1

1 1
s2+20s+25 (s+10)2—75

Q(s) =

e y
0 = 2 HQ(S)} = e‘lOt:v% sinh( " 75t)

3. The point A(1, —2, 1), B(0, 1, 6), and C(—3, 4, —2) from the vertices of a
triangle. Please calculate the cosine of the angle between AB and BC. (15%)

) 102 A B 2%
i AB = (-1, 3,5). BC = (-3, 3, —8) , ik
cosf = ﬁ BC 37_9«/40 *fg
|IAB| |BC] 35 82 2870

4. Please find the mass and center of mass of the wire. The wire is bent into the
shape of the quarter circle C given by

X=2cost,y=sint,z=3, for0<t g

The density function is 8(x, y, z) = xy? grams/cm®. (15%)

, 102 Hh Bk

i C RINLE A& 5
P =x7+y] =2costi +2sintj

4
s—| |dt
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HIC HEER

s

m= 3(x,y,z)ds= xy’ds= (Zcost)(ZSint)22dt=Esin3tEzg
My = x3(x,y,z)ds=  x?y?ds
c c
_ 7 29 cint\2 9 — 3 3
= (2cost)=(2sint) 2dt—168(§, 5)
0
V_1V_
rOrQ) g
16—2 2 =162 2 —pop
r(3) 2
_ _ 3 _ ¢ 3o 32 4 B
My = yd(x,y,z)ds= xy’ds= (2cost)(2sint) 2dt—Zsm t =8
C @ 0 0
HELE (X, 7,2), Hl
o _ My _3m __ My 3 _
= m =g V= =2 273

5. This is non-autonomous, where f and g have explicit t— dependencies, Please
solve the system. (15%)

1 1
x()=x=F(t,x,y), y ==y +x=g(t, x,y)

, 102 B

1= B
t X t
MR s>, Al
In|x| = In|t] + ¢, X =cit
FH .
y :—fy+x———y+c1t
LSEEIRE S



20. L & Fr X %¥A 102-141

BOHET 1 =exp{ % dt} = exp{In|t]} =t , &

3
ly= t(ct)dt= cl% +Cy

2

t 1
)=c1— +Cpo
y(t) CLg+C2y

6. Imaging a particle moving along a path having position vector
F(t) =sintT +2etj + 12K

Please write the velocity, acceleration, and speed of the particle. (15%)
: 102 B fE

1z~ velocity £
dF

V = G costi +2etj + 2tk
acceleration R
a = ¢°F = —sinti +2e'j +2K
dt2
speed £
|\7| = C0s?t+ 4e?t + 4t2

7. Solve the following di erential equation. y +4y +3y =e!, y(0)=0, y (0) = 2.
(10%) : 102 H B A5 %

1€
(1) BXREE: S y=e™ R ODE HH&

m?2+4m+3=0 m=-1, -3
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up(t) = e~ “Y(cy coswt + co sinwt)

(¢) ¢ —4mk =0 R (critical damping)

B EARBER, 4

)\1 = )\2 =—a=———
Un(t) = e~ (c1 + cot)

up() = —57 +1cD TR sinwt = m(—w2)1+ DrK sinwt
cD — (k — mw?)

{cD + (k — mw?2)}{cD — (k — mw?)}
cD — (k — mw?)
c?D7 — (k = mw?)?

1

[ re— [cw coswt — (k — mw?) sinwt}

sinwt

sinwt

(3) AR - u(t) = un(t) + up(t)

2. (20%) Please find the principle stresses (Eigenvalue) and their orientation (Eigen-
vectors) given ox =60, oy = 100 , Txy = 20.

, 1021 8 1R

W 4
Ox T 60 20
A= X Xy e
Txy Oy 20 100

H
det(A — Al) = A% — 160\ + 5600 = 0

V_ V_
WARE B A=80+20 2, A=80+20 2 (A—ADX =0H"H]%E

v
—20—20 2 20 v X1 0

20 2020 2 X2 0
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29. BX # I & PR X %A 102-191

5. (20%) Consider the function of complex variable

az

f(z) = O<ax<l

eZ+1"'
(a) Locate the singularities and evaluate the residues of f(z).

(b) Evaluate the following integral using the Residue Theorem

©o gax
| = ox, O<a<l1
L eX+1

: 102 FASA

==y
(@ He*+1=0, /&

f =—1=eCM*M (n=0,%1,%2,..)

z=@nn+m)i (n=0,=*1,%*2,-.)
B f(z) B)— poles, H

ea(2nT[+T[)i

Resf((2nm + m)i) = G = —a@AI(y = +1, +2, )
!
2mi Cy
C, s T C,
“R ¢, R
(b) A f(z) = lejzez M F@)FEC(C=Ci+Co+Cs+C, B NEF z=mi {Y
— pole, H

eaz . .
Resf(mi) = lim — = @ Dl = _gam
z-mi €7


Administrator
矩形


32. X KL & Pr X ¥%¥A 102-207

iz ¥} ODE Wilfil L-T , A]%&

s2Y (s) —sy(0) —y (0) [+ 4Y (s) £ 1—e TS

Hep 2{y(t)} =Y (s) , BHEAE
1 1

_ g~ TS
s?+4 s2+4

Y(s) =

1
y(t) = 7Y (s)} = % sin 2t — % sin2(t—m) H(t—m)

4. (20%) Let S be a piecewise smooth closed surface bounding a region V. Show
1 - - e
thatvolumeofV=§ (¥ -")dS. Where Y =xi +yj +zKk.

° , 102 koA

1= A

1

5. (20%) For a circular membrane subject to a pressure p(x, y) = X, the mathematic
model is
2u=x,u=0forx’+y>=a

Find the solution u(x, y). , 102K+ A

i W& BEE  fulr,8) =u(r,0+2n), Bl  BE

1, cosnB, sinnd

Witds  BUERERA, &

n=1

u(r, 8) = ap(r) + - {an(r)cosnb + bn(r)sinnb}
n=1
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34. % I & Fr X %¥A 102-219

34. 102 ¥ LI & Pk

1. (10%) Find all solution or indicate the no solution exists.
dy+z2=0
12x —5y —3z =34
—6x+4z =8
: 10215
i JRAA K
0 4 1 X 0
12 -5 -3 y = 34
-6 0 4 z 8
A
mE
0 4 1 0
A= 12 -5 -3 ,B= 34
-6 0 4 8

0 4 1|0 RY® 0 4 1]0
[AB]= 12 -5 —3[34 ———> 0 -5 5|50

-6 0 4 8 -6 0 4|8
Rgl/5) 0 4 1|0 RS) 0 0 5|40
o -11j]0 —— 0 -1 1|10

—6 0 4|8 —6 0 4|8

WrfES z=8.y=—2.x=4

2. (15%) Find the eigenvalues and the corresponding eigenvectors. Use the given A.

4 2 =2
A= 2 5 0 ,A=4
-2 0 3

, 102 1115
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3. & % I & Fr X %¥A 102-221

=y
_0T—» 0T— 0T>»>_ = 2xz2 -  2yz -
T_&I+WJ+EK_ (x2+y2)2| (x2+y2)21+x2+y2k
[
TPy =—d4j+ K
: . T(P) —47, + K
MENRAI AR — =1+ /=
: TP X
4. Solve the following ordinary di erential equations (ODES) :
(@) (10%) (1 —2x—x%)y +2(1+x)y —2y =0
(b) (13%) 2xy +(1+x)y +y=0
0 ,ift<1
_ . : y)=1
) 12%)y +3y +2y= 1 |ifl<t<2 withl.C.
: y(l)=-1
0 ,ift>2
: 1021 [LI#4

IS0

() BHI—MEE y1= (1 +x), it ODE H—EE

o i
yo = (1+X) —(1+x)2 dx
In|x?+2x—1|
X2 +2x—1
2
= @0+

= X(X+1)+2=x>+Xx+2
. ODE @RS
y(X) = c1(X + 1) + co(x? + X + 2)

(b) FRRAJek KX
(2xy) =2y +(1+x)y +y=0
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(2xy) +(x=1y +y=0 (2xy) +{(x—=1y} =0
R AR 3 I 15
2xy +(x—1)y=c1

Xx—1 C1
y + y—&
BEorrEFE )
x—1 x 1 ez
=exp{ dx}—exp{z—zln|x|}—:o%
El
C
ly = Z;xédx+cz
H ODE HyBfEE

Vo . es Vo .
= 2 — dx + 2
y(x) A Xe —\LX ~ dx+cp xe

© mx=t—1,t=1Kx=0, H

0 ,ifx<0
f)=fx)= 1 ,if0<x<1l =HX) —HX-=-1)
0 ,ifx>1

H. ODE Alth f
2
:xg 3:_y 2y =1(x), y(0)=1, :_i(o) - _
00y = %e_os - i . ¥ ODE Mis#K L-T , AI15

s%Y (s) — sy(0) — 3—1(0) +3{sY (5) — y(0)} + 2Y (5) = ée—OS _ ée—s
Hefr 2{y()} =Y (s), BEA R

(> +3s+2)Y(s)=s+2+ %e‘os — %e‘s

s+1

4
_ 1 1 —0s __ . s
Yo = s+1 SE+)E+D) S(S+2)(5+1)e
1,1 1 L 0 - LY
= 1% s+1+2(S+2)} : {_ S+1+2(5+2)}e
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34.

T S ) O )

102-223

y) = 27HY ()}

1 1

1 1
= e {5 e+ ZeTIH(X) — G- e~ D 4 Ee—Z(X—D}H (x—1)

2
Hl

y(t) = e—(t—1)+{%_e—(t—1)+%e—2(t—l)}H (t_l)_{%_e—(t—2)+%e—Z(t—Z)}H (t—2)

5. Please answer the following questions :
(@) (5%) What is ”Fourier series” used for ?
(b) (5%) What is “orthogonality” regarding the Fourier series ?

(c) (10%) Please find the Fourier series according to the following periodic rect-

angular wave.
0 if—2<x<-1
FX)= k if-1<x<1 , k isaconstant
0 ifl<x<2

, 1021115

IS5

(a) Fourier fREATARFRE— 1 B, Ewlt B HESEE.

(b) Fourier # & JE sine B cosine IF2% BIFTHERAYMEES R EL .
©RFX)E B4 B,

oo

F(x) =ap+ an CoS amx
n=1 2
= 2 1
1 1 k
== F(X)dx = = kdx = -
aop 2 (X) dx 2 X >
2 1
an:g F(x)cosmdx: kcosmdx:ﬁsin—
2 ) 2 0 2 nm

nm
2
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36. ¥ % R L A P % %7 102-235
AGHENT MES
2
Xy=¢e2 3 (c2=0)
-2
2 . )
ﬂ%A:—éﬁ (A—A)X =0 a5
5 1 1
6 i 6 X1 0
1 - X2 = 0
7 0 2
11 0
6 3 2
AIEHENE MER
1
X3=c3 —2 (c3=0)
-1
Q) #
1 2 1
P= 6 3 -2
-13 -2 -1
2l
sin"(0m) 0 0
a1
lim sin"(An) = lim P 0 sin"(Zm) 0 p1
n- oo n - oo 2
2
0 0 sin"(—zm)
3
1 2 1 000 1 2 1 ¢
= 6 3 —2 01 0 6 3 =2
-13 -2 -1 0 0 0 —-13 —2 -1
. 64 24 16
= — 96 36 24
—64 —24 —16
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(3)
Y(X) = Yn(X) + yp(X) = X o2 —x—2
FH
y0)=1=c;+cp—2
y(0)=0=—c1+ o~ 1
/H 1 8
B = =5, 8

3. (10%) Use the Laplace Transform to solve the given initial-value problem.
y +y=sint,y(0)=1,y(0)=-1
, 1029 #

15 ¥ ODE WiimiX L-T , A]15

Y () ~sy(©) Y O +Y(9) = 5

Hep 2{y(t)} =Y (s), BHAF

2 —
(s +1)Y(s)—s—1+52_|_1

s—1 1
Y(s)= +
) s2+1 (s?+1)?

1 1
j( _1 - = . _Lu_[u_lg\ '\ D /‘E
L gzt = Jsinat, Wik a4, W

_l{i} 1 sinat + t cos at
< (s2 + a?)2 a2 a

[

_1{;} = 1 ginat— -t cosat
Zz (s +a%)?” 2ad 2a2


Administrator
矩形


102-290 PChome / http://www.superyu.idv.tw

5. (10%) /KEIBEKE HE =AKES Fr, K/ 200b, RE1, ¥k BLER
Vi) Fs, BERAKERE BAAKT 45° B9J51A 2
) 102 B

s HEAAT,

— —> - -\/———> -\/———>
Fo2=200cos45" i +200sin45” j =100 2 i +100 2]

v - -\/_T) - V_ - \/——.>
i +100 2j —2007 = (100 2—200)7 +100 2 j

6. (10%) #EEMHE ABHE , KEHEBARA(NERE PREAKE D, Hi
D=PTAP ,

1
A= 0
7

o . O

7
0
1

, 10275 #

1 H det(A—AD) = 0B ARE  BA=1.8l-6BA=1/ (A-A)X=0

SR
0 0 7 X1 0
0 0O X = 0
7 00 X3 0
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45. #¥

I & Fr X ¥%¥A 102-291

ARHENE RS

0 0
X=c 1 (c1=0) B X3= 1
0 0
BA=8 (A-A)X=0HHHHE
-7 0 7 xi 0
-7 0 X2 = 0
7 0 -7 X3 0
ARHENE MER
1 1
X=c; 0 (c2=0)0 B Xp= 0
1 1
BAa=—6f (A-A)X=0HH]%E
707 xi 0
0 70 X2 = 0
70 7 Xs 0
ARHENE MER
1
X=c 0 (c3=0) Bt Xz= 0
4_.3\
0 A A
X1 X2 X3 2 2
L oI o B L
0 L
2 2
4
10 0
PIAP=D= 08 0
00 —6

7. (10%) Find the curl and divergence of the given vector field. 3R H#4 [ EHHY

B B,

FX,y,2)=(x—y)°T +e V7] +xye¥K

10215 #
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9.

]

L L X %A 101-67

2. (10%) Consider a homogenous linear 2" order ordinary di erential equation (ODE)

y +pX)y +q(x)y 50

if y1 is one solution of this ODE, you world find a second independent solution y»
by reduction of order method, that is, y» = uy;. Prove

u(x) = U(x)dx, and U(x):y_lze—fp(x)dx
1

, 101 R TR

& 4T y(X) = yi(x)v(x) , #
y (X) = y1()v(X) +y1(X)v (X)

y () =y (X)V(X) + 2y; (X)v (X) + y1(X)v (X)
EHRARA ODE R

y1(QV(X) +2y1()v (X) + y1(x)v (X) + pO){y1 (X)v(X) +y1(X)v ()}
+q()y1(x)v(x) =0

L SEEIES
Y109V () +{p(x)y1(x) +2y; )}V (x) +{y1 () +p(x)y1(X) +q(x)y1()}v(x) = 0 (1)
y1(X) B ODE Hy—fi#, #&
y1() + p(x)y1(x) + q(x)y2(x) =0
@ AR

y1()v (X) + {p(X)y1(x) +2y;(x)}v (x) = 0

ied

SRR

R

dv (x) _ _ p(x)y1(x) + 2y,(x)

Vo) ey X
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BA=5M (A-ADX =0, F1A]#E

-2 2 x3 _ 0
2 =2 x, 0
HENF RES
X2:
A
BE]
P=[X1 Xo]= 11
- 1 21 — -1 1
L4
PlAP =D =
il
1 0
301 — 301p—1 — -1
A%l = pp30lp-1—p - P

4. Solve the following di erential equation by power series. (20%)

dby . d¥y
— 7 + 7 =
axd N e 0

: x2 x> X!
Note:5|nx=x—§+a—ﬁ+
, 1012 K+ ARH

i [l x = 0 & ODE 8%, 4

> yM(0)
n!

Xn

y(x) =

n=0
Ty =ci.y(@=co.y (0)=cs.y (0)=ca, fFH
yBx) =—Ginx)y x)  y®©)=0

yO ) = —(cosx)y (x) = sinx)y (x)  y(©0)=-y (0)=—c3
yO) = (sinx)y (x) —2(cosx)y (x) — Ginx)y D) y©O@©0) =-2y (x)=—2cq
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