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1.2 HEAK

(A% 1) )ELRHEE
LUFRARS Laplace transform (Ff% : (- ) ) BIBGHE | AIERHER .
(A) W 2(f)+.29)=2(f+9)
(B) Huii oo '( - ) FHE 2 ' (H+2 9 =2 (f+9g) -
(C) # f, g BEEHRH , H 2(f)=29). M f=g.
(D) BLE (a) (b) (c) B IERE o
(E) BAE (a) (b) (c) (d) Bt E#ER o (RRA. R34 108 LUERKL)

(@)
(A) False : X 2(f) . 2(g9) BFHE , FHIL , KPI f(t) :t+26t2 gty =t—¢e"
FO) +gt) =2t 2(f) . 2(9) FAFE B 2(f +9) =5, &

2N+ 2(9) # 2(f+9)
(B) False : [ (A) FMEE , B3R 27 '(f) . 2 '(9) BEE , FHIL
(C) True : £ Mathias Lerch’s EH

HGE (A) . (B) . (D)

(A% 2 )VEAME
PUTEARS Laplace transform (G2f5: 2( - ) ) BIRGH | AIEBIERE .

(A) 2() = 5 -

B) Za>0H ¢ (F(s) =
w(t) W u(t) =1, Vt>0,u(t)=0,Vt <0,

(C) # f(0) =0, ] 2(f)=s"2(f) -

(E) BLE (a) (b) (c) (d) Bl BTERE (RAgA.. “RAg3a 103 LB
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(@3) 3
(A) False : o(t%) = =

(B) True : EH ,

(C) False : 2(f) = s> 2(f) = s/(0) = f'(0) = s> 2(f) — ['(0)
(D) False : @ Y(F(s—a)) =" ¢ 1 (F(s))

% (B)

(A% 3 NVEAME
The Laplace transform of a function f(t), for all t > 0, is defined by the integral

2{f(1)) = / T ftedt

The Laplace transform, however, does not exist for all functions.
(a) State the conditions for the Laplace transform of the function f(¢) to exist.
(5%)
(b) Test for the existence of the Laplace transform for the following functions. If

the Laplace transform for the given function exists, evaluate it. (10%)

(1) etz (2)€” (*RABAL. R34 107 R

(%)
(a) Laplace B TR - 8 f(t) T

(1) f(t) £ ¢t > 0 R BGEiE .
(2) f(t) T t — oo BIREPREEHEL

(b)
(1) B lim et s FHE , SARERELE | K

, (5)
g{t_Z} = =
[

ZCRE
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2 1 3541y,
N s+2(32 52 )
1 1 1 1 5 5

- - = &~ Y 3
- 82 25+2(s+2) 32+23 2(s+2)}€

A4

oL e gy 2 0 ey —
h(t) =t 5 T3¢ {(t 3)+2 5¢ HH (t — 3)

(2a% 13 )L-T
(20%) Find the Laplace transform (and show the details of your work) for the following

functions:
(a) te~" cosh(2t) (10%)
(b) sinh (at) sin(at) (10%) (RAg L. *RAg34 108 R FERLE RERHAER)
(@3 ‘1
s _ s
(a) B #{ cosh (2t)} = 21 M 2{e" cosh (2t)} = GriEoi’ )i
4 __i s+ 1 B s2+2s+5
Zite cosh G0} =~ (e 1) = e —ap
(b)
eat . efat
#{ sinh (at) - sin(at)} = g{# - sin(at)}
= %g{eat -sin(at) — e~ - sin(at)}
B 1{ a - a )
2% (s—a)2+a?  (s+a)?+a?
_ 2a%s
st 4 dat

(2% 14 )L-T

(10%) Find the Laplace transform of following functions
te ' cost + t*sint

(DA, *AR34 108 REET)
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) ; ' =)
» _d S -+ | s(s +
Z{te " cost} = ds{(s+1)2+1}__ (s2 425+ 2)?
2,1 d 2s 6s® — 2
2 o _(_1\2 " — __ (_ —
g{t Slnt} - ( 1) d$2(82 + 1) dS( (52 + 1)2) (82 + 1)3
W

s(s+2) N 6s% — 2
(s2+2s+2)2  (s2+1)3

p{te P cost + t*sint} = —

15

«#a% 15 HL-T
. s+ 1 1
(*AAg L. "AA34 107 HEIR T)
+1 3 2 3 2
1)y = g STyt S .
@ Vy=2 =6 =% G 56519 ~5° 5
(2) y— 1{——1——}—1/¢1$n%dt—}(1—C%2ﬂ
y=2 s(s2+4)"  Jy 2 4
(A% 16 )L-T (smAg L. *RAg34107H HLEHL)
(a) (10%) Determine the Laplace transform for the function g defined by

(0 = 0 Lf0<t<?2
TW=Ve 11 it =2

(b) (10%) Solve the following initial value problem by the Laplace transform:
y'+4y +3y=e'; y(0)=0,y(0) =2

0 Lif0<t <2
g(t) =

= (t*+1)H((t -2
241 Lift>2 ( JH( )

2{9)} = L+ DH({E—2)} = 2{(t+2)* +1}
:e%gW+u+@:5%%+%+§
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(b) ¥ ODE Wil L-T , A3
1
S (s) = sy(0) = y/(0) + 4{sY (s) = y(0)} + 3V (s) = —
g 2{y(t)} =Y(s) , BEFGE
(s + 45 +3)Y () =2+ i - = 238—_11
35( Vi(s) — 2s — 1 B 3 7 1
() = (s+1)(s+3)(s—1) 4(s+1) B 8(s+ 3) + 8(s — 1)
PRt ; i 1
y(t) = 2 {Y(s)} = 16% — ge’?’t + get

(2a% 17 HL-T
(1) (10%) Find the Laplace transform of f(t) = (sinat)?
(2) (10%) Find the inverse of Laplace transform of F(s) = O
(-RAg L. *RAg34 107 JLRIEEW)

—S

(&

(@)
. 1 2at, 1 1
o . 9 - — COS 2a _ Lt S
L) = 2lsinat} = g{————} =5~ 5
(2)
Nagy) = 2 )
L a3 T < (s +2)(s+1)
T |
- < {s+1 s+2}
— et 2
3& —
-1 ) 20y (g
& H{F(s)} 7 13512 {e e HA(t—1)

(#A# 18 )L-T
(5%) Find the Laplace transform for f(t) = e* cost.
(AR A. AR 107TEHR A)
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32 RARARIZDFREMPN B H 2 EAEP ALK
I S 1 Wy -1
= {1+(E)2 (=)= {52+w2}
5
~ sinwt
ot
(b)
P sta, | 1 _1_ s+a P 1
{In } B t { b} {s +a s+ b}
— _%(eat efbt)
( A% 40 )Laplace XEEHA
—2s __ —bs
(10%) Find the Inverse Laplace Transform of Ae 5 +24€ )
5
(AR AL, “MA&34 10T HILIHETE)

«ﬁg» Z_];-T\ 4( —9s 92 —55)
e% — 2e
F(s) = s 44
R ImEL Laplace X iE#AR] 15
-1 . —1 46_25 86_55
f0) = P =2 g - a1)

2sin[2(t — 2)|H(t — 2) — 4sin[2(t — 5)]H(t — 5)

( A% 41 )Laplace [
(15%) Given F(s) = £(f), find f(t). Show the details of your work. (L is constant)

s 2 48 90
@ perym Pa-w ©iiae
(AR A, *AAg34 107 ILEE)
(%)
(®) 1 1 t
— ol S P | _
f(t)_g {L252+1/47T2} LQ::% { 9 } L2 COS(2 L)

iy 47T2L2
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1

2{g(t)} = #{3cost H(t — )} = 3e ™ {cos(t + )} = _323i 16’“
¥ ODE milmhe L-T , Al
sY (s) —y(0) +Y(s) = 2{g9(t)}
Heh {y(t)} =Y (s) , BEAE
3s —ms
(s+1)Y(s)=5— 21 1°
Hl
5 35 w53 3(s+1),
Yo = 60" srl Vasan Tasr e
1

y(t) = ¢ ¥}

= 5e '+ {— 4 3 cos(t —m) + g sin(t — m)}H(t — )

2 2

41

( 2% 54 V#EHERE ODE
(5%) Use Laplace Transform method to solve the ODE

y'+y=0(t—m); y(0)=0,y(0)=0

(=R A. A4 108 THIK A)

() ¥ ODE Ml L-T , "5
s?Y (s) — sy(0) —y/(0) + Y(s) = e ™

Het o{y(t)} =Y (s) , BHEAE

1
Y — —TS

y(t) = 2 Y (s)} = sin(t - m)H(t — )
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() ¥ ODE FiimiX L-T , "5
1

sY (s) — sy(0) — ¢/ (0) + 5{sY(s) — y(0)} + 6Y(s) = %e_s — 56_28

Hf oo {y(t)) =Y (s) , BETE

1 1
(s> +5s+6)Y(s) =s+5H+ - *— -
s s

W
- S—|—5 1 -5 __ =25
Yls) = (s+3)(s+2)+8(8+3)(8+2)(6 -
B 3 2 1 1 1 —S
n 5—1—2_s+3+{@_2(5+2)+3(s+3)}6
1 1 1 —2s
_@_2(s+2)+3(8+3)}6
14

y(t) = 2 (YL

11 1
= 3¢ {2 = — Ze 2D 4 Ze 3DV H (- 1)
6 2 3
Lol opgy | 1 349
Y - H(t—2
{5 3¢ +3e HA(t —2)

45

( A% 59 VMEHEIRE ODE

Use the Laplace transform to solve the problem

d*x dx

@ + 2@ +xr = f(t)

0 ,0<t<1 )
where f(t) = {2 P , £(0) = 1, and 2'(0) = —1. You may express f(t) in
term of a unit step function. (10%) (AR A, *AA834 108TH AR LR

(B3
(t) = 0 ,0<t<1 _9H(t— 1)
)= 2 t>1 B
1

L)) = 2{2H(t - 1)} = ée—s
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0
y(t) = 27H{Y(s)}
1 s 1 S _mg A
= 7 + (52 J(e VET =TV}

s2+ 2 23_2(52+2)

1 1 T s

= cos(V2t) + {5 — 5 cos V2(t — %)}u(t -5
—{% - %COS V2(t —V27)}ut — V2 7)

)

47

(A% 61 MEERE ODE

Use Laplace transform tor solve the following equation :
y'+5y +6y=1—u(t—1), y(0)=0, y'(0)=0

(RAA. “AA34 108 L YEAH)

(@) ¥ ODE MimE L-T , °]%&

Y (5) — sy(0) — 4'(0) + 55 (5) ~ y(0)} +6¥(s) = = — ™"

SRS
2 _1_175
(s +55+6)Y(s)—$ e
[
1 1 »
Yis) = s(s+2)(s+3_s(s+2)(s+3)6
S W S U W S B
T 65 2(s+2)  3(s+3) '6s 2(5+2)  3(s+3)’°
PRI
_ QTP N S Lo L o | D
o) = 2 @) = - be g leow (Lo Ly
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e o {y()} = Y(s) . 2{f()} = F(s) , BETE

(s* + 25+ 2)Y(s) = F(s)

e .
Y=g 0
14
y(t) = 1{52+25+2 F(s)} :Xfl{m}*.f*l{ﬂs)}
= (e 'sint) /{e (t= T)sm(t—T)}f( )dr

( 2% 86 MEH %2 ODE

Pleases solve the following equation : (5%)

d*y d

2T 4d_y + 13y = (t — ) + 6(t — 37) with y(0) =1, ¥'(0) = 1.

(*AA8 L. "AA34 106 B RIE )

(@)
(D) EEHAR , EXUR

d?y dy
— +4—+ 13y = — )+ — 37
7 7 3y =9(t )+ (t — 3m)

#f ODE WimiY L-T , 7[#5
s2Y (5) — sy(0) — y/(0) + 4{sY (s) —y(0)} + 13Y (s) = e ™ + ¢ %
Heft oo {y(t)} = Y(s) , BETHE
(" +4s+ 13)Y(s) =s+5+¢€ ™ —e ™

s+5 1

R Py I PG

(6771'8 4 6737&5’)

y(t) = £ H{Y(s)}

= e 2 cos3t + e 2 sin 3t

1 1
—1—36_2“_”) sin3(t|— m)H(t —7) + 36_2“_3”) §in 3(t —|37)H (t — 3)

69
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H
{ (s> +8)X(s) +sY(s) =s
—25X(s) + (s* — 8)Y(s) = —s
AR ) -
X(s):52+1’ ():m
[

z(t) = ¢ H{X(s)} =cost, y(t) = £ {Y(s)} =sint — cost

( % 157 )L-T fi# PDE
(15%) The wave equation :

gy —up =0, 0<z<00; 0<t<o0

with initial conditions : u(z, 0) = u(z,0)=0;0 <z < 00
and boundary conditions : u(0, t) = f(t) , |u(co, t)] <00 ;0 <t <0
Solve for u(x, t) (DO NOT use separation of variables).
(-RAg L. *RAg3a 108 A L)

(#) %f PDE Ml ¢t ¥ LT , 7J&

,d*U 9
c W_{S Ulx,s)—su(z,0) —u(z,0)} =0
LI 2T 8
U S
Tz 2l )=
14

Uz, s)= cree” + cpe” e

H lim |u(z, t)| <oo, B li_}m |U(x, s)| <oo, Ble, =0, HH

U0 [5]= 2{u(0, )} = 2{f(®)} = F(s) = ¢,
14

x

Ulx,s)=F(s)e <*
PRI
uw. )= 2 MU, )} = 27 {F(s) e 5} = fl— L) H(t -

T
c

)
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(a) t>0,Hc=0

ft)= i /C " F(s)e'ds = Y.  Res{F(s)e*} = Resf(—1) + —%@t

2m)

—jeo c W78
t<0,He=0
1ot 1
O / Fls)etds = — 5 Res{F(s)e"} = —Resf(1) 4 — ¢t
27J Jenjoo o H9F538 2
(b) ¢>1, Al
1 c+joo . 0 t<0
t) = — F(s)e*ds =
0 2m/cm (5) L

—(ef—e") t>0
( #A% 162 )52 L-T (A AL, "AAI4 94 ETER L)
(15%) Given a time function f(¢) for —oo < t < oo, its two-sided (bilateral) Laplace
transform is defined by Fj(s / f(t)e* dt. However, F},(s) does not always exit.

If there exists a real positive number R and, for some two real numbers « and 3, the

at
time function f(t) satisfies f(t) = { Re™ t>0
R <0
of convergence av < Re(s) < [ where Re(s) denotes the real part of the complex

, then Fy(s) converges for the region

variable s. With this definition, answer the following two questions:
(a) Given f(t) =e " a >0, —00 < t < 00, find its two-sided Laplace transform
(5%) and region of convergence. (5%)

. 25+ 3
(b) Given Fy(s) = TG

find its inverse Laplace transform f(¢). (5%)

and the region of convergence —2 < Re(s) < —1,

(#e5) AEFHMAETSE "ERERN HRER

(@)
(a)
2} = 2l

00 0
— / efatefstdt + / eatefst dt
0 —00

e—(s—i—a)t 0 e(a—s)t 0

- +
s+a lo a— S |-
1 1 —2a
= )

s+a a—s s2—a?
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(iii) PPEE
flz) = i sin(x — nm) - H(x — nm)
n=0

= sinz- H(z)+sin(x —7) - H(x — )
+sin(x — 27) - H(x — 2m) + - - -

simr ;0<x<T . B
Eﬁlf(x):{o r <o < o s fle)=f(x+2m),2>0

(b) HEEEBA : BN : 3% g(a) =2*{H(z)— H(z—2)} , H
fa) = 3 gle—n)=tgla+ 1)+ @) +glx— 1)+

n=—oo

W f(x) Fm/NER 1 RIS, XA

g(x+1):(x+1)2{H(:U+1)—H(:E—1)}:{éx+1) f;iegrwxisjl

2 . 0<a<?2

x
0 ; otherwise

olo) = {Hl) ~ Hia -2} = {

WA 0 <2< 18
f@)=(x+1)*+2° =22+ 22+ 1
Wit f(r) =22 +22+1; (0<x<1), flx)= f(z+1)

="

(3) EHARBERIEERER) convolution : §%

fle) = gle){H(e) — Hlz —To)] = { g(x) 7 gtiefszeﬂ]
H o
dlz)= > 6(x—kT); T>Ty,>0
k=—o00
é‘j\

W) = f(2) * d@) = {g() [H (@) — H(z— Ty} + (S _dtr — k7))

k=—00
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(a) BEO0<z<Ty

h(x):/:;:d(T)f(x—T)dT:/: 0- flz—7)dr =0

—To
(c) & h(z) REAEI T H9%% , B
gx) ;0<z<Ty

h(z) { ; h(z) =h(x+T)
0 Ty <z <T

(d) BI¥ -
(i) AR EELIEEPREHY convolution : Let f(x) = T ; z and

9(a) = {f@IH ()~ Hz =m)} (30 o(a —20m))
BOo<z<nmh

m™T—X

sa) = [ 80— r)dr = f) = 75

W g(x) REASHEY 2r BYEKE . Al

(i 0<|x g
g(ﬂﬁ){ 2 ¥ ; g(x) = g(x + 2m)
0 ;7r<27r
(i) Let 2(t) = > 6(t—KT), f(t) = H(1) = H(t—T) , 0 < Ty < T

ol =alt) 50 = fO <o) = { | 10T a0 =gt D

2. MHE -
(a) # f(z) BEM T WEY , B

a+T
/ f@yde = [ f(x)da
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( A% 11 )—REEHI Fourier MK
(1) CHl f(z) =e™ |, —m <z < a#0. K f(z) FHEILERE (Fourier series)

o (10%)
(2) % g(x) = coshar , —m <z <m a#0,FIA (1) ZHER , AKX g(z) WEIE
BB . (10%) (=R AL, R854 108 B KA

(B3
(1) I f(z) RAFTEREE , &

f(x) =ag+ Y (a,cosnx + by, sinnx)

n=1

/\I:FI
1 ﬂ' ar __ ,—am
ap = —/ e dx = ¢ ¢
27 ). 2a
1 ™ . L (pam _ ,—ar
an:—/ e‘wcosnxdx:acowm (e )
T ) (a® 4+ n?)m
1 7l' . —am __ ,am
bn:—/ e‘msinmz:dx:ncosn7r (e )
Py - (a® +n?)m
(2)
1 axr —axr 1
g(x) = coshaxzé(e +e )zi{f(x)ij(—x)}
]_ 0 [}
= 5{ aop + Y (a, cosnx + by, sin nx)} + [ao + > (a, cosnz — b, sinnx)|}
n=1 n=1
= ap+ Y, apcosnx
n=1
/\I:FI
1 7l' emr _ 6—a7r
= — ar d —
@0 2 J_. o 2am

am efaﬂ)

™ o
1 e acosnm - (e
ap = — e cosnx dr = 5 5
—T (CL +n )7T
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(a) B f(x) SEE 2r BIEES , %

f(z) =aoH i 5 COS N

n=1

I 1 (2 1
aoz—/ f(a:)dx:—/ lde = -
T Jo T Jo 2

s 2 % 2
anz—/ f(x)cosnxdx:—/ cosna:dx:—sinm
0 B nmw 2

™ ™

4

(b) ODE Hyf#E
1 1 X 2
{5 + 712::1 —sin %T cosnz}
X 2 . nmw 1

=+ ; %SIHT {m}cosnx

+§ 2 . nm COSNT
2 ogip— 22
- 2 bnt+4

183

( % 32 )—MEEH Fourier HE
Consider the square wave that is defined as
0 ,2n—1)r<z<2nm
flx)=<4 [ 2nr<z<(2n+1)r

2 ,x=nm

(1) Find the Fourier series. (10%)
1 . nrm

(2) Using above series to show that - Yoo —sin—. (5%)
4 p=izse 2

(mAA. *AR34 1052 KT AA)

(#)
Do, f@={" """ B = fatom) S
(1) En=08, 4 L0<az<m B 7
B 5 -2 ,—rm<z<0
g(2) = f(a) - —{2 P
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= /OO f(t)(coswt — i sinwt) dt

| sin w
= 2 — coswtdt =
0 2 w

( 2% 71 )Fourier ¥t
(10%)) Given that

h(z) =u(z+1) —u(x — 1)
{ 1 ifz>a

0 ifr<a
transform of the following function f(z) = h(z) coshz.

(RERA. RA34 108 HRNE)

where u(z —a) = is the Heaviside step function. Find the Fourier

(B3
h -1 <zr <l
f(z) = h(x) coshz = cosha{u(x +1) —u(z—1)} = R - 3:
0 ; otherwise
1
FU@} = [ tweri
r
= / cosh z(cos wx — i sinwzx) dx
—1
1
= 2/ coshz - coswz dx
3 ;
= sinh x - coswz 4+ cosh - wsin wz)
1 4 w? 0
2
= sinh 1 - cosw + w cosh 1 -sinw)
1+ w?

( #a%) 72 )Fourier A

Find the Fourier transform of the following Gaussia function (a is a positive real

constant) by direct integration along the temporal axis. Details required. (20%)
f(x) = exp(—a®t?)

(RAA. A& 108F LHE)
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(B%)

Fla) = /OO exp{—2?/(4p*)} exp(iax) dx

— 00

o 1
= / exp —4—p2[x2 —idp*ax]} do

= / exp —4—p2[x — (i2p%))* — p*a*} dx

= exp{—pPa?} - / . exp(~ 5o~ (i27)]'} da

T
= exp{—p’a’} - | =2pV7 exp{-p’a’}
p?

W s(p) =2p , tp) =p° , E (C)(E)

( #a% 90 )Fourier

(1) (3%) Find the continuous-time non-periodic signal z(¢) with its Fourier trans-

form .
X(juw) = ———
Uw) = S 500
(2) (7%) Find the continuous-time non-periodic signal z(¢) with its Fourier trans-
form S(juw) — 100
: Jw) —
X pu—
() = )2 £ 100(jw) — 120000
(*RA8 AL, *AA34 105 LB LA
(A% .
A _ o500t 4
(1) () = F s} = e H
(2)
_ 5(jw) — 100
t)y = !
o) = 7 {(jw)2 T 100(jw) — 120000
2 3

—| 1L
{ 300—jw+400+jw}

= 2N H(—t) + 3e M H(¢)
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mn(e* — cosn)

e?(m?n? 4 4)

1 1
b, = / y(t) sin(nzt) dt = / e sin(nmt) dt =
0 0

( #a% 97 )Fourier A

For two continuous-time non-periodic signals, x(t) and y(t), please prove the following
Fourier properties:
(a) F{z(t) xy(t)} = X(jw) - Y (jw)
(b) F{=jt-2(t)} =~ X(jw)
Remark: .#{ } is continuous-time Fourier transform operator, X (jw) and

Y (jw) are Fourier transform of x(t) and y(t), respectively.

(R A. *AA34 107 IR ERLE FE)
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= ([ 2 e dny / " y(r)e T dr)
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X(jw) = /_OO x(t)e " dt

(e 9]

d d [* ,
—X ] = _ 7JWt
o (Jw) o x(t)e 7" dt

—00

— /_OO (—jt) - x(t)e 7" dt

(e 9]

= F{-jt-z(t)}

Hp
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Fu(x,0)} = U(w, 0) =0 = B(w) - (aw)
W B(w) =0, Al

1
U(.I'7 t) = L9771{(](71], t)} = 5«{e*(erat)Q + ef(xfat)2}

1{6—($2+2at$+a2t2) + e—(x2—2atx+a2t2)}
2

_ e(_$2_a2t2

) cosh (2atx)

WL s(t) = —a®t* | 7(t)

1l

L L2at [ (A)(C)(T)

263

( % 120 VERE
(15%) Derive solution of the one-dimensional heat equation over the half-line by the
Fourier Sine Transform Method. Describe the conditions of f(z) and 7" so the solution
holds.

ou 9u

—=k— 0< t>0
ot Ox? T <00,

uw(0,t) =T for t >0
u(x, 0)= f(z) , for 0 <x < o0

(AR A. “AA34103 5 AHEM)

() ¥ PDE WMl » BEEY Fourier sine #E{f

ou 9%u
g\ — g\
JS{&t} ‘fs{kaﬁ}

dU
t

o= —w?kU(w , t) + kwu(0, t)
Hefp Z{u(z, 1)} =U(w, 1), BEAR

% + kw*U(w, t) = kwT
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