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1. (5%) Let v = |2 |0y =
3

2
,v3= 10 .Spanvg,vg}is
0 2

(A) apoint (B) aline# (C) a plane (D) R?
(107 5 RER C)

(B%) 1
1 =2
A= [’Ul (%) ’03] = 2 1 0
3 0 2

K det(A) = 450 , 8 vy« vo « v BIRMEBEL o Blspan{vi| v, v3} =R,

[y

2. (5%) Which of the following statements are correet?

(a) A basis for a subspace 1s a linearly independent subset of the subspace that
is as large as possible.

(b) If V is a subspace of dimension k, then every generating set for ' contains
exactly k vectors.

(c) If B = {by, by, ---, by} is any basis for R", then there exists a vector
v € R" so that v can not be expressed as a linear combination of by, bs,

.-, by,

(d) Let T be a lincaroperator on R", and p andw bertwo bases for R™. Denote
[T']5 as the representative matrix of 7" with fespect to,any basis 8 for R™.
Then, [T, and [T, are similar.

(e) If B is a basis for R" and, [T'] is the identity operator ondR", then [T]5 = I,,.

(106 5 REH C)

(BR) e
(a) T ; Steinitz’s replacement theorem o KB A &ZEMH T, AR F5
PN
= o

- o
]

(b) F; R—5E , Bl R = span{7, i + ], j }
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1. (20%) Let E= {01, 9,3 = [(1,1, DT, @m3, 21 1d .5, 4)7]
F=lup, uoyug] = (1,0, 07, (1,2,07, Q42 1) If z = 8uy — Sus +
3us and y = —8u; '+ 2uy + 3us, find the coordinates'of & and y with respect
to the ordered basis E. (107 REEHEERR)

(B%) 1=

xr = 8u; — dug + 3us

Yy = —8u1 + 2u9 + 3us

8 =8
[@]r = {5] , lylr = 2 I
3 3

NEFEE £ BRI R AEEE o R

1

1 2 1
ne=11 3 5
1 2 4
BEEE F s RS fEEE o fyBE
11 1
=11 2 2
00 1
WEREE F EBREEFEE £ FE5EE
NE = 15 -1 = @g) " - 4%
1 2 173401 141
— {1 3 5] [1 2 2}
1 2 4 0 0 1
4 | —10 €237
e
1 -1 0

1
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—4 |-10 -3 =8 1

e =M=~ | 7 3/ P23

-1 —4 3 2
2. Let B := {u1, -+, up} be a basis of R" and F := {vy, ---, v,} C R" with
the property Vi, 5 =1, --- ., n, ul-ij = 1 when ¢ = j, and ul-ij = 0 when

i # 7. Which of the following statements are true 7
(A) Fisalso a basis of R" and the coordinate vector of any & € R" with respect

to base F'is T
I U1
a:Tvn

(B) Any z € R™¢can be represented as @ = ciug + «+ -4 ¢uu,, with ¢; = zl u;

for each 1.
(C) Denote the transition matrix from base F'to base £ by S. Then
S(i,j) = wlatyford, j=1, - n.

(D) The transition matrix form base F' to base F can be deseribed by
([vi]g - - - [vn]E), where [v;] g denotes the coordinate vector of v; with respect
to base L.

(E) Denote U := [u1 -+ uy) and V := [v; .-+ vy]. Then Uz = Az for
some x # 0 if (Z)1V = (\)7}(Z)T, where the upper bar means to take the

complex conjugate. (106 HILEBEL)
(#2) 1=
(A F;BU=[u uw % uy.V=[v vg - 9], A
Ful
T
u
vty = ,2 vl v2 - vy
L u?
[~ 'u,lTvl 'u,lTvg i ulT'un
B wlv, wlvy - wlo,
Lulv; wlvy, o wlw,
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N DD

_ 1 0 -1 -1
AN 'E" = BE: — —-=
(3043, FEM)Let 4 l—l L 1] b

0
Suppose P is a 4 X 4 matrix such that Pz is the orthogonal projection of & on

Null A for every @ in R?

(1) (543) Is P unique ? Explain your answer. (No credits for answers without
justifications.)

(2) (543) Find the eigenvalues of P.

(3) (1043) Find the orthogonal projection of b on Null A.

(4) (543) What is.the distance between b and the orthogenal complement of
Null A?

(5) (543) Find a solufion of z that minimizes | ATa =|.

(10758 DY

(M) 1=

(1) ME—, Fa={ur, us}. f={wr. wo} BN WEE, HHU=WE,
HfU=[u wi].W=[w; wy, BB o BEEH g gy g

p = vUuto)y~tvt
= (WBY((WB)(WB))"'(WB)"
= WBB*wWTw) 8L BIwT
= wwiw)-iw?t

B P B N (A) FIERER | B P ME— .
2) AN (A) HEER o = {ur , us}, HH

0 1
1 0
uy = 1 ; U2 = 0
1 1

P

U=lu, ug], &
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v eRO)*:

0 UT'vv
Pv, =UUTU)~

RIE A =0 B P ARHEIE , X
rank (P) = rank {U(UTU)7'UT} = rank {(UTU)"'UT} = rank (UT) = 2

WP B 0 FRHEUE, Bl A\ = 0, S v € R(U) , Al 32 (| R*|f#15
Uz = vy,

vy ¢ R* {15

S=< UTy,

1UTUz =Uz = vy

s =1F

tr( ) tUTYy =tr = tr(lax2) =2

=1,
(3) A N (4) WEER a = {u1, us}, HH
1 0
0
U1 = ,u =
"o S
1 1
o HERY s B ={w, wa},
p— 1—
2
B 1
1_
-1
1
L 2
14
1
. <b,'w1> <b,’IU2> 2 0
P b= ——M - - = — 0- = =
0]y (4 <w1,'w1>w1+<w2,w2>w2 2w1+ w2 = wi 0
1
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(3)

Jwi] = |

— OO

(4) B3R ATz = b B/INFFAHIRE | 1K

- 3
x = (AAT) 1 Ab = L]

2. (13%) Let V be a vector space.

(a) (3%) Let § be @mnit glement of "+, the additién operation of V. (i) Write
the equality «ondition about ¢ as shown in the corresponding axiom. (ii)
Let v be another mmit element of ”"+”. Show that ¢ = 7.

(ZAEEPA GRS BB I & 22 ) 2 2 Y AR (S RIFSET )

(b) (3%) Let X and'Y he'two subspaces of V. (i) Write'the definition of X +Y.
(i) Write the definitionof X@Y . (iii) What is the mathematical relationship
between dim (X +Y) and dim (X @ Y)

(c) (2%) Let < o, @ > be an inner product defined on V. Show that the func-
tion f(v) := /< v, v > defined Vv € V satisfies the triangular inequality
property.

(d) (5%) Consider the vector space R**? with the inner product
< A, B >=trace(ATB) and denote Y = {4 € R?*?|A = AT}. (i) Describe
Y+ as the span of-amerthonormal basis. (ii) What is the matrix, denoted by
Py 1, that represents the orthogonal projecting operation Iy . : R?*2  yt
along with the subspace Y with respect to the ordered basis F = {G, H},
where G and H are véetors of the standard bases for ¥ and ¥+, respectively?

(1o7H U ERL)

(9%) 1=
(a) () ZVu,veV HABEN utdi=u, JMlut+s=v+6, Hlu=v,

(i) BVu eV , HARN u+d=0+u=u, A4l

YHo=yHoi+ty=7+d=9
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