[=] [=] s ]

E L
%ﬁ:&i [a] 4

HEREIELEAMLZ3
R BPLR
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100z L L _
L (a) ttoo () = —— (b) u(5 (E)Q)leOG 1450
= —n?rlkt
2. u(x, t) = > Ape " T Msinnmr + Y(z)
n=1
1
Hrh o(z) = NS (up + L)x A =2 [ [f(z) = Y(z)]sinnrx d
ok ok ;
> 4L — 2T — AL* T
Boule, )= 3 S e T i T (C e T
X 6(—1)"| _(snmy2,|. mmx 3
4 t) = g (=5%)°¢ b —— - —
u(z, t) 71;1 — in — +5x
S 2 2(=1)"(=2+2n%7% —n2nsinl), o2 .
5. W(x,t) = ngl{[—% + (22 1) le= )t sinnra} + 2 + 1
X 2T(—1)" _nmy . mmx T
6 - a _ —
u(z, y) n;1 p— sin —— + —
X 2AL3(-1)"  nmt . nmx Az AL’z
7 y(x,t):ngl gy COS sl — = o
- 1 — e—9a27r2t
8. u(z,t)=e " sinma + ( 0a22 ) sin 3ma

Su(z,t)=ux

403(cosnm — 1) zt} nwx ot

4 2t = — (=%
10. u(z, t) = —=e” + > [Ane () _ 20 + 2 )i cosT + ze

2 n=1
403(cosnm — 1) 20
(202 + n2m2)n2r2  n2p?

Href 4, = (cosnm — 1)

11. u(z, t) = ¢y erf (L) +co

2kt

)

12. y(x, t) = yoerf (

X
2V at
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Heh olu(x,t)} =U(z,s) , BEAE

d2U S
=GP U, 5) =0

Uz, s) = kie”e® + kogee®

B u(co, t) = BIRME , # U(co, s) = BRRME , A% ke = 0, XE (0, t) = f(1),

BE
U, 5) = k1 = 24 ()} = F(s)
PR
Uz, s) = F(s) e ¢*
A
u(e,t) = 27 UM, 9}|= 27 {Fls)e ) = ft = ) H(t = )

Hrb H(t) £ unit step function .

9. Find the solution u(z,t) of the following partial differential equation:
Pu 1 0%
dr2 ¢ ot?

st. u(z,0) =0, &Lg’ 0

Note : & denotes the Dirac delta function. (BRI

=dx—at),c>a>0,0<z<o00; 0<t<

=0, u(0,t) =0, u(z,t) < 0o as & — 00

(B3) 1=

14 1 1
{0 —at)} = — {0t - g)} — =

¥ PDE H#y ¢ BB Laplace 1 | ][5

1 2 - 1 _Zg
@U(x, s) — 0_2{8 U(z,s)— su(z,0) —u(z,0)} = e
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H oolu(x, t)} = U, t) , BEAE

d? 52 o
dIQU(aE,S) C—QU(x,s)—ae a (1)
14
Uh:/ﬁe% + koe~ <"
1 1 s 1 1
Up— 2(_67530):(_) S S e "
a a’ (°\2 _ (2)\2
P2 -0
A (1) XHEES
Sx -3z ac2 -2z
U(Q?,S):Uh+Up:]€1€C +l€2€ ¢ +m€ a
H U(oo,s) = BRE , AIH k=0, H
U0, 5) = {u(0,8)} = 0 = by + -2
,8) = L ull, 1 — U=~Rh2 82(0 _a)
S IS
R s2(c? —a?)’
a62 1 _zg 1 _zg
U(x,s)—CQ_az(—ge e —i-?e a®)
Wt PDE B
2
_ ol _ % r_ L _r _r _t
u(e,t) = 2 MU 8)) = oy [~ (= D (= D)+ (0~ Dy H - D))

10. Solve the partial differential equation
u _ Ou
o3 Ox
where u is a function of ¢ and x satisfying u(t,x = —o0) = 0, u(t = 0,z) = 0.
du 0u .
— =0and — =B, NG
5t | ands (TR ER)

(A%) & ¥ PDE H8Y ¢ BB Laplace B | 715

‘ d
s3U (s, ) — s2u(0, z) — su(0, ) — ug (0, ) = %U(S,ZL’)
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10.6 FIAE#CRE PDE mRAKE 201
(B%) 1= Wivm% ¢ B Laplace it | w5
2
sU(y, s) — u(y,0) = Vd—yQU(y, s)
Hr o{u(y,t)} = Uy, s) , BEUE
d? s
d—ygU(y, s) = Uly,s)=0
5
S S
Uly,s) =c1 exp{—\/;y} + ¢ eXp{\/;y}
X
L{u(oo,t)} =U(c0,s) =0 = c2=0
2{u(0,1)} =U(0,5) = —2{Ug(t)} = ~Ug(s) = a1
5
Uly, s) = ~Up(s) exp{—%ﬁ}
]
u(y,t) = 2 HU(y,5)} = ~Up(t) » <—>
12. % + x% =0 u(z,0)=0, u(0,t) =4t (REAR . KIFEIBE)

(M%) 1= ¥ PDE HHY ¢ BEHEY Laplace B | 7[5

Z—g + 2{sU(z,s) —u(z, 0)} =0

HA gpf{u(z, )} = Uz, s) , I u(z,0) RANEEIE

dU
— 4+ a2sU =0
dx

(1) RB—FH#RME ODE , K 1.C. 5
U0, s) = 2{u(0, 1)} = {4t} = %

RKiE (1) ARG
Ux,s) = ce™ 35
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10.6 FIHEHCKKE PDE HRAEE 217

1. u(z,t) = 2(edlo=3t 4 o=blz+3t])

2 u(z, t) = H(t — D) f(t - 5)

3. u(z,t) = (B — A) erfc(%ﬁ) - Berfc(Q\/f__tO H(t —to) - AH(t)

4. u(x,t) = il { [(—1)”% - %(5(71 —-3)+ % /0 f(z) sin(nmc)dx} et
—2(;71)71 + %e_té(n — 3)} sin(nmz) (0 <z <)

5. u(x,t) = 6\}%6 s

w

6. u(z,y) = % il {%[5 —2(=1)")e™ — —(—1)"} sin nx
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10.7 Lagrange PDE mRARE 221

(B3 & FEGEXR

da_dy_ iz
11 =
; dz ., .
H dr = dy, E,H%x—y:cl,EEdy:; A% In|z| — y = c2, B PDE HY3@

N
iy

H 2(2,0) = g + ¢, A5

5 PDE HYRHE S

T -y
nz—y = f(z—y) = |

ety

5

z = (%—Fe;ﬁy)ey = I;yey+em

0 0
5. Please find the general solution of the PDE ya—z F xa—z =z— 1.

ﬁlﬂ ERAOLE)

(M%) 1= PDE WiEFEHERE

vde =ydy = 2> —y*=¢c

(v +y)
z—1

(x+y)=c((z—1) = = (9

(3) # PDE HyBER
Tty

_ 2 2
1 =@ =y

1 0 0
6. Solve the following differential equations —8—u o ya—u = u. Subject to the
Zz Y

auxiliary condition u(1, y) = y2. (P E LT
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7. Consider the one dimensional wave propagation
Uy = Uy ; —0O0< T <00, ,t>0

with initial conditions u(x, 0) = 0 and us(x, 0) = g(x), where g(x) is a given

function.

(a) Show that u(x, t) = G(z +t) — G(x — t) satisfies the above wave equation
and initial conditions for a suitable function G(z). How are G(x) and g(z)
related?

(b) Find u(x, t) if wg(x, 0) = g(z) = al

e B AR

(#%) 1=
(a) R u(z, t) =Gx+t) -Gz —t), i
0%u 1" 1
@:G(vat)—G(x—t) (1)
H
82
ot
o2 o2
(1) . (2) Bz, A4 a—;; = W’; B
wz,t) =G +1t) -Gz —1t)

=Gt~ (1P ) =G et t) -G —1)  (2)

5 PDE M,

{u(m, 0)=0=G(x)— G(x)
u(x, 0) = g(z) = G'(x) + G'(x) = 2G'(2)

G () = %g(x), B G(x) = %/ g€ de - Ga) Jae R

() B 9(2) = 1. B

uz,t) = Gla+t)—Glx—1)

1 T+t 1 T—t
5[ o +qu§/ o(6) de |- Gla)
1 T+t 5
- 5/ /T_t re®
2
%X§In|1+§2 =t 1 14 (x+1t)

N T Sl O L
B e
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11.4  RrfefiE Bl ke i ) & MRAEE 343

rank (A — ) =1, # \ =0 HENEHAES

U1 —2 -3 —4 -5
V2 1 0 0 0
V=1uvs]| =c1| 0 | +ec]| 1 +c3| O | +c4| O
V4 0 0 1 0
| U5 | | 0 | 0 | 0 ] | 1

ﬁ¢01\02\03\04$%%00

(b) H
AX = (XXX = X(XTX) = X5 = s X

Alf8 A5 = 55 HFT Y ENREAERS

V:C5X:C5 (05750)

Tt = W NN =

22. H AR 33 BERREER o (i=1,2,3), 9

4A 3A
Bexe =

5A 64
R B HIFFELE o

() 1o & A BREIE o BERNHEAER u , A Au; = aju, , 9 B HIRH
ER N HHENRFERER

auil
v =
bui
] Bv = v, Bl
4A 3A auw; | ) aw;
5A 6A bu; B bu;
all

l4aAui + SbAui] B l4aaiui + Sbaiuil ) {aulw

5aAu; + 6bAw; Sac;u; + 6bo;w; bu;
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¥ & & %)

1. Please show that an n x n matrix A is diagonalizable if and only if A has n

linearly independent eigenvectors. (R B

() 1 (1) FEORME « 3% A BRFEIE N HERNREREIREEER X %

AXz:)\zXz (i:1,2,-~-n)

TS=[X1 Xo - Xp],Hl
AS = A[Xi Xo - Xp]=[AX; AXy - AX,)]
= [MX1 Xy o X
A1 0
— X Xy - Xn]{ ]SD
0 An

X]_ N X2 NS TN X’)’L %%ﬁ‘lﬁ%j; EIJ S_l ﬁY:E 9 E& S_lAS — D o

(2) DB - N A RAHALRERE | SFEE—EET R 5 |, 5

STtAS=D Hf Ss=[x3 Xy - X,],H

A1 0

D = -

0 An

S]lag
AS = A[X; X - X, =[AX1 AXy - AX,)
= SD=[MX1 XXo -+ AX,]
Bl
AXz:)\zXz (i:1,2, ,n)

WX, B AWNRERE XS BIEFEER Al (X, Xy, -, X,} B

A IR ER AR .
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B FERAR M RS L R A B R

1 1 0
}/2|:1\/§i]|:1 +1 ﬂ]U+iV
2+ +/2i 2 V2
H A= —V2i HENHEEIRERES
1 0
Y3 = 1}1[\/5 =U—iV
2 V2

(4) ODE RS

X = Vit + [CQ(UCOS V2t — Vsin \/51‘) + ¢3(U sin V2t 4V cos \/51‘)}

H
1 1 1 0
1 -2 2 V2
Eﬁ%q—l\@—g 03—g
1 1 1
16. 2“2@@){’[2 1 1])( (P B LT . BRI
—3 2 4
(BR) 1= &
1 1 1
A{Q 1 1]
—3 2 4
H

det(A— M) =—(N —6X2+12A—8) =0
A ANRBEES A =2.2. 2. A=2fE (A - )V 0 HAE

-1 1 1 U1 0
2 -1 -1 va | =10
-3 2 2 V3 0
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(3) ODE HYE#ER

276 . 168

32t e~ 12t 2—931nt — Ecost
T l e 1 +5 [—3e12t1 T 82
——sint — —cost
29 29

5. Find a general solution of the following systems of ODEs by the method of

undetermined coefficients :

{ Yy = 2uy1 + 22 + 5ett

Yo = 5y1 — yo2 — 2eP

(BTR LA
(#125) w FIRFERBGEMERLIEE R ODE |, BFELAEBIE .
(%) 1= ODE KK
Y' =AY +|Be ¥ (1)

Hrf

=l A el

H det(A— M) =0, A8 A WREES A = 3.4, )\ = -3 R

(A= M)V =0 H A&
5 2 U1 o 0
2l o] L)

i= )

BN =4 B (A- AV =0 HH][E

WA BRI R A B

WA BRI R A B
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¥ & ¢ 2

1. Let ?1 :x17+y17+21k, ?22%27+y27+22k,

T3 = ZB37 + y37 + zﬁ, be the position vectors of points Pj(z1, y1, 21),
PQ(.T2,y2, ) 7P3(x
Pl, PQ, and Pg.

5, y3, 23). Find an equation for the plane passing through

(BT )

(B%) 1 R/ P, Py P PENAGERR

T—r1 Y-y 2—2
ro—w1 Y2—Yy1 2—21|=0

T3—T1 Y3 —Yr 23— 21

2. KRB (1,2,3) HFEfTR AR T =74+2] k.0 =67+3] -2k &
PTHAEN

(Eiip iy 9
(B%) = BZTHEWEAES 7, 8
T 7 E
R=uxvT=|1 2 —1|=-7—-47 -9k
6 3 -2
WA HE HRERE

—1-(z—1)—4-(y—2)—9-(2—3)=0

Bl &+ 4y +92 = 36 -
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zZe\z

2 8(2) —ﬁ, W F(2) FE C AR == 01 2 B pole, A

o d, 2 i
Res £(0) =l o (7 =5) = =3
)i
: dz = #d7*27riRes f(0) *27rz'(—z) =
cz—(i/2) " Jo226iz—2) " ’ B 27

26. Evaluate the complex integral j{ 22 sinZ dz over the closed contour C' defined
C

by |z| = 1. (B RBEAR)

(@) 1 A C - |z\—1,EEZE—|Z\2—1,35(E—£,E!U

. 1
/ZQSIHZCZZ—/ZQSIH—CZZ
c c Z

8 f(z) = 22 1 WF() fEC NEE = 0 AKES B f(2) % =0
BRI Laurent’s f B

: 1
f(z) = 22 Sm;:ZZ(Z_ﬁ ;—i—)

H Res £(0) = —é , I

1 1 '
/22 sim?dz-/z2 sin — dz = 2miRes f(O):QWi(——):—W—Z
C C z 6 3

22 exp(%)dz =? C:|z| =2 (R

27. Evaluate jg
C

(D) =5 2O =14 G4 P+ 5O+
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12.8 MR NRAKE 647
3 r=1
= / cos 6 (2r) do
0 r=0
= / 2 cosfdf =2sinf| =2
0 0
14. Let ¢(z, y) = z + In(z? + y?) and U (z, y) = (2% cos y)? + (y? sin x)7 be
2-D scalar and vector functions, respectively; and let
7(1’, y)=Vo+VXxu
Evaluate the line integral 7 n ds , where C is any simple closed curve
c
enclosing the point (0, 0) and 7 denoting a unit vector outward normal to
the curve C. (B AR
Y

¢ A
O
QS

(B8 e
V-f = V%+V-(Vx7)
L 4 n 2 42 N 2 40
o ($2+y2)2 x2+y2 ($2+y2)2 l'2+y2

= 0

B O+ AB+ (~C1) + BA FERESS R (NE) | &

7{ 7-ﬁd3—//(v-7)dxdy—0
C+AB+(—C1)+BA R

f?-ﬁds— Y-st
C Cy

[
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10. FERH f(2) ERGEAVEMMR C ERERTSAIERTKE, B o 8 ¢ AEE
—&h , Al

f@)= o ¢ 14

2 Joz—a
Hep C RUIFE 0 o FRE f(2) 7 2 = o BHY n EEER
ol [ )

21 Jo (2 — a)"Hl

f(”)(a): dz (n=1,2,--+)

(FPIEBSM . R

F

@) aTBCHUaBELDL, PEE p(p— 0)WIE (WE), BIT : |2—a| = p,
Hl z—a=pe? . 0=0~2r.dz=ipedd , #

(1) n=0
B LG e o BT 2 — o SMSETERNT , BIH Cauchy's SEEAIAD

(2 —a)
/(z) dz + lim /(z) dz

cZ—a p—0 Jpz—a

, /%fa—l—pe ipet?
= lim

p—0 et?

2
= hmz/ fa—i—pe

p—0

= i/ lim f(a+ pe'?)do
0 p—0

27
= i/o f(a)dd = 2mif(a)

27r2 Cz—a

5
fla) =
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(2) # (1) APH o BB B (1) AWIHN o D ATE
oy L 0 1 f(2) 1 f(2)
f(a)——,%aa[ ]dz 5 dz

2mi z—a omi o (z—a)
i 1 9 f(2) 1 2f(2)
" . z o z
f(a)_Q_mjgﬁa[( —a)Q]dz_% C(z—a)?’dz
m 1 d 2f(2) 31 f(2)
/ (G_Q_m' C%[(z—a)i”]d'z 2_7r7, C(z—a)4dz
1

f(n)(a>:i£(zf(;))n+1 dz (n=0,1,2, )

sin(m2?) + cos(mz?) e

11. Evaluate (a) f;’ (z — 1)(2 — 2) dz (b) fé' m dz

where C' is the |z] = 3. (THZEENER)
() e 1 1

(2) A (z 1)(z ):z—Q L

j{ sin (7 —i— cos(mz )dz _ jg sin(m2?) + cos(mw2?) "
c (z—2) C z—2
sin(mz?) + cos(mz?) p
a fé z—1 :

T f(2) = sin(7z?) + cos(m2?), H Cauchy’s EA AR |, AI&

sin(mz2) + cos(m2?)

dz = 2mi f(2) = 2mi{sin(x - 2%) + cos(m - 22)} = 2mi

sin(mz2) + cos(m2?)

ﬁ z—2
f dz = 2mi f(1) = 2mi{sin(r - 1?) + cos(w - 1*)} = —2mi
C z—1

dz = 2mi — (—2mi) = 4mi

jg sin(m2?) + cos(mz?)
¢ (=D(z-2)

2z
(b) ¥ % (zj— i dz , B8 Cauchy AR
C



YYD
矩形


810 °-ARAKE 5 13 3 Wb B HCRE R

2w .
1 0
7. Evaluate the following integrals / _ s do. (H R SEEE)
g 9S+cost
1 1 dz
(M) 5O |2|=1,% 0050:§(z+;) . dQ:i—:

27 . 2T . 0
14 sinf ¢
/ 1+sing Im/ it
0 3+ cosf 0 3+ cosf
14z dz
= Im ¢ ——7
cC3.4= -
+2@+2
2(i + 2)
mjgci(zQ—l—ﬁz—%l) N (1)

A
T

20+ 2)
1) = i(22 +62+1)

Wof(z) B 2= -3+ 22 B9—fE poles, R : = -3+2V2ECH , A

26— 3+2v2)
2=—342V/2 42 i

_ 2(i + 2)

Res f(—3 + 2\/5) m

1

27 . .
1+ 2
/ _romo 0 dd = Im ——5 (i+2) dz
g S+ cost icz(z +62+1)

— Im{27iRes f(—3+2v2)}
2(i — 34 2v2)
44/27

= Im{27i-

Sl

27
8. Evaluate / ﬂd@. (B R
g 9 —4cos 0
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13.7 37 B X dH#ao

13.7.1 & T

ST f F(:)d: £ F2) E C FEAEREGRYE | AL ERETE
C

R SRS, WA SRR RS |

1. E# 17 : 3% F(o) BEENX , H F(2) WE

(1) & F(z) £ L3P HEEHREE
(2) F(z) 1 « ¥ FEEHER(EEMBEL (simple pole) o

(3) |F(z)|§%,V\z|2R,ﬁ‘ﬁEk>1&M>Oo

o0
/ F(z)dx =2mi >, Res F(z)+mi Z Res F(z
—0 EARHE Ll

(1) & F(z) £ ELPFHEEBREmRE .
(2) F(z) 7E = # BB EREEMBEL (simple pole)

3) ]F(z)]ﬁ%,V\zlzR,ﬁ‘ﬁEk>0&M>Oo

[EIRE m >0, 8l

o0
/ F(z)e™dr =2mi Y. Res {F(2)e™} +mi Z Res {F(z) e"™#}
—oo 47 i

/ F(.I’) e_im’a7 dx = —{27'(7/ Z Res {F(Z) e—imz} + Z Res {F(Z) e—imz}}
e THEHE = -

/: F(x) cosma dz = Re { /: F(z) e dx }
/: F(z) sinma dz = Im { /: F(z) "™ dx }

*REHFEEFZSH Erwin Kreyszig, Advanced Engineering Mathematics, 8th Edition, pp.793, John
Wiley & Sons, Inc., 1999.
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() # C, E - —_1+pew

p—0

5

() EGF Lk : S=—-1+re ™,

lim

i / F(s)etds
"o JaE

p—0

(f) # (a) . (b) « (c) « (d) «

x —t —1r o —tr
T e e . e
= 612/ dr:—zet/ dr
0 r 0 r

NRAKE 847

1
T2
oo ,1 _ _
tze”" du ¢
—ze_t/ — — = —i— / w2 e %du
0 u2 t t2 0
t —t
e 1 e
—i—TI(=) = —i
t (2) t3

W ds = piedd H. 6 : 7 —
—14pe'?) ”
— T i
= ;%‘/ pe 1/2 pZ€ d@‘

lim
p—0 .

;i_rf(l)(e—t-l-tpcosOp% . 271') -0

—T

e t(—14pcosf+ipsin )

IN

p?ze 2d«9‘

IN

ds =10

eSt
I
i [
Wds=e™dr BHr:p—(R-1)

R-1 et( 1—r)
: —71'1
R— o0 / T % dr
P (re=m)

p—0

= lim

SIS
SIS

e

t2

(f) A (1) Al f=

i|: a+100 est PP 1o Z\/_e oo Z\/76 i| 0
2L J o ine VS 1 t3 t2
W
a+1i00 st —t —t
3—1{ 1 }:L e_dszi.gi.ﬁle _C
Vst 1 21 J, oo VSs+1 2mi 3 Vit
1 1 =12 et
— . -1 o tep—lyp Tyt -
2
0 2 2
16. FF / e cos2brdr = /re ¥ . (BRIRETF)
—00
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/ Inz I {’/T 0 +7r,) _gi} T (lna T )
=—Im<{—(lna+ —i)e = —(— - —
fa2+x2 a% 2 a% \/§ 2\/§

23.

llll

= = =

ul

x) Fa e

2) EREFHTE L BT ERESRESN | SRR .

z) EIEEH# E (BE R MaE .

z— 0K 2 — ool |21 (2)| HAKHEE , HF o BIEEEEH .

()
(2)
(3)

/ f@)de=— ¥ Res{f(:)lnz}

all poles

/0 f(z )lnxdx——éRe > Res {f(2)(In2)?}

all poles

/o f(x)dx = —ilm S>°  Res {f(2)(In2)?}

21 all poles

Hr 0 <arg(z) <27,

> <

i AP i
R
E

E

(3) 1=

(a) FE—EHR C (WNE) FRES
;1m%f Inzdz = lim {/ f(z)Inzdz + f(z)Inzdz
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