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1.9 Gamma . Beta . Dirac delta B MBAEKE 97
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o0 dx ,
L /0 o (A RER)
00 2
2. / - (BER )
oo X F 1
3 / LT (Bt | AR
o rr+1
T A (BRI
5. ;(meN; n>2) (ECRERL)
0 1 + "
[0.9] dl’ ,
S x2a—1 1 N
7. dr ; (0<a< <) (R FERE)
o 1tz 2
R (K FEL)
8. [m m dx 20 &R
9. Let I'(t) = / 27 te™®de. Find I'(n + %) (n=0,1,2,--). ()
0
o0 2m
10. 4 m I n BEB, ,ﬁ;q:ogmmoae/ . (LRI )
0
11. Evaluate the following integrals|( « > 0 ) (BT R FEAL)

&0 2 &0 2 & 2
(a)/ e dx (b)/ xe Y dx (c)/ e dx.
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% 2 % —f§ ODE AHKEM

2.1 B FHXELR

2.1.1 BAZ A
1. EFE - ROLARMRE R R AR, MRS HGER (Differential
Equation) —f% A DE 2K .
2. 4
(1) E#sr /125 (Ordinary Differential Equation)* :
£ DE FRAK BB BRI BT , BREMD 5N, f150R ODE .

(2) TR /1250 (Partial Differential Equation) :
£ DE HARNHER S BB EE: | BRI 7, f5R PDE .

3. EAAFER
(1) PEBL (order)’ : DE HATE R SIS BEEIER DE ZFEH

(2) RE (degree) : # DE {tEHHEN (AIRMHEBRAEH I RBITBIEE
BE ) e EREEE REAGEE DE 2 RE .

*If an equation contains only ordinary derivatives of one or more dependent variables with respect
to a single independent variable it is said to be an ordinary differential equation (ODE). An equation
involving partial derivatives of one or more dependent variables of two or more independent variables is
called a partial differential equation (PDE). 2% Dennis G. Zill Michael R. Cullen, Differential Equation
With Boundary-Value Problems, Tth Edition, pp.2—-3, ISBN-13:978-0-495-10836-8

T A M F5E -

Ly y" oy y“’ . +-- (Lagrange 1797 ¥R, Newton 1704 F v . ij )
2.y 4@ o y™ o (Lagrange #RAHI)

dy d*y d’y
3.9 2Y . -+ (Leibniz £ 1684 F#R )

“dx C dx?2 " dam
4. Dy . D*y . ---. D" . --- (1800 EEE#E Louis Francois Antoine Arbogast #F#J, M Cauchy
BRABELAIEESE, B D f(2) - f(x) ¥ o Bm FEEH )
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100 °-ARAKRE B 23— ODE RHEH

(3) #ME (linear) : £ DE HFRAKB R HEH (HLEEMEE) W2
(a) REE—RK o
(b) HEAFRZIHE
(c) BRI .
Afgtk DE RiRMEMS iR . Kz, 18 DE BIFREMS TR .

2.1.2 BHDF 1 X6H%%
1. f#(solution) Z EZ :
JLZRESH 2 ODE K%L , BN ODE HIf% .
2. MRADME . BB ODE B yW(2) = f(z,y, vy, -,y )

(1) &M : % ODE W y = y(2) W, EEBELHBHEE , FiPtk ODE HIRE
HF, WEME ODE HYEME (general solution) o

(2) ¥if# . % ODE W y = y(x) , REBEFTREN, EAEERER, LR
M5 ODE WJFF#E (particular solution) o

(3) EfE* . BE—FE ODE WYIIAMERIEF (initial value problem), ODE RYf#EAS
ME—HF, AINBREBENE v = (o) , BB ODE BYEM (singular solution),
—F& ODE HyEfE " I RERE —RE&XIERIEY) ODE ' ,

3. ODE BRI % AR
(1) ODE WJ#fE | 2R vy T H_ERFE—HFE (family of integral curves) o 1M
R 5 e R AR e TP B R —1GR R AR o
(2) —F& ODE RYEME 5@ AR AR (envelope curve) B/A YR

(common tangent line),

“REMEBENEITF, REEBREEZR Brook Taylor (August 1685~ November 1731) I, 20 FHE %
BI#ER Alexis Claude Clairaut (May 1713~May 1765) W#5E T —EHEBHF EBUKS HER, BFENE
£, ERESH TRESERADERR "TEDEENE, B | SEERILBARERTE, A RENHE
FEA[ 2% Shyuichi Izumiya, Jianming Yu, Kodai Mathematical Journal 16 (1993), pp.227-234, How to
Define Singular Solutions, & Shyuichi Izumiya, Bing Li and Jianming Yu, Kodai Mathematical Journal
17(1994), pp.644-649, A Survey on Singular Solutions of First-Order Partial Differential Equations,
FERBNERZSSF, BURZETERZAEREZEG TR, FEAERE, ST AE TA2HE (L),
pp. 290, BN REEE MR, ERERET, REI614F | & Vladimir A., Dobrushkin, Applied Differential
Equations with Boundary Value Problems, pp.9, ISBN : 978-1-4987-3365-6, & Shair Ahmad, Antonio
Ambrosetti, A Textbook on Ordinary Differential Equations, second Edition, pp62, ISBN : 978-3-319-
16407-6, & Math 24, Retrieved from https://math24.net/singular-solutions-differential-equations.html
(January 4, 2022) k& Wikipedia, Retrieved from https://en.wikipedia.org/wiki/Singular_solution (Jan-
uary 4, 2022)
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2.1 o 7ife R SRAKE 103

(#R) @y:cx_%@ﬁ;omﬁ@fﬁ;@@,ﬁﬁy:ﬁﬁgonm@g@zo

BEEE ODE SBRER)EISHE o

5. Consider the initial value problem 3’ = 2%y(1 —4)(3—y)®, y(0) = 1.5. Explain
why the (unique) solution always lies between 1 and 3. (BTREE)

() o | y(z) =0, y(z) = 1, y(z) = 3 5 ODE By BifiF*,
fla,y) =2y(1-y)(3—y)°
Al f(z, y) g—i 75 (0, 1.5) SRS B M, B 197 EH Picard’s HE—

FEHEAH, ODE Wf#E 774 HME— | & ODE BiBE5 (0, 1.5) BRI, —ET
GEAR y(2) = 1. y(z) = 3 K, Bl ODE WE—ENREH y(z) = 1 &4
y(z) =3 X . 28 ODE WM TE

-1.0 -0.5 0 0.5 1.0

*

y(x) = 0 JRBE trivial solution. A solution of a differential equation that is identically zero on
an interval I is said to be a trivial solution. FE&EFHZ% Dennis G. Zill Michael R. Cullen, Differential
Equation With Boundary-Value Problems, 7th Edition, pp.5, ISBN-13:978-0-495-10836-8
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2.2 IE& ODE ( Exact ODE ) NRAKE 105

B (s0,0) BEHL D hIOFE—36, % O T ZERATE, D R B
oz, y) = /xo M(z, y)dz+ f(y) (2.4)
# (2.4) XEEH v WREH, 7HE
g_z) _ a%[ xM(x,y)d$+f(y)]
_ / %Ay/[(x y)de + f(y )(ﬁ;\%_fy”:%_f)

_ /x %—]Z(x, y)dz + f(y)

= N(z,y) — N(zo, y) + f'(y)
= N(z,y) ;(EE(Q.Z)EQ,ﬂ%ﬂg—j:N(%Z/))

2 XA f(y) = N(zo, y) , &
/ f'y / N(zo, y)dy
Yo Yo
# fy) REl (2.4) RFEHE
oz, y) / Mz, y)dz+ f(y / Mz, y) dx+/ N(zo,y)dy (2.5)
EEEVINAIE RS
@ y
oo = [ Mo o [ NGy (26)

Yo

RARKEIR, BEAZFE Peter V. O'Neil, Advanced Engineering Mathematics, 7th Edition, pp.23
JSBN-13: 978-1-111-42741-2



112 aRAEE B2 83 —f ODE K HJE

7. Determine a function M(x, y) so that the following differential equation is
1 X
exact. M(z, y)dr+ (xze™ +2zy+ =) dy =0 (R REBER)
T

(#%) = K ODE
M(z,y)dx + (ze™ + 22y + l) dy =0
T

BIER,

oM 0 1 1
—— = - (ze™ + 22y + —) = e + aye™ + 2y — —
oy ox x x

ALt
Y 1
M(x,y) = /(ezy—l—mye‘”y—l—Zy——Q)dy
s
_ Ty 2 Y
ye +y° = 5+ (@)

8. Solve (zy + 4> + 1) dz + (zy + 2> + 1) dy = 0. (B R4

(%) 1= JF ODE AJiE ik

zy dz + yide + de + 2y dy + 2°dy + dy = 0

LSEIRS S

(zy dx + 22dy) + (y*dx + zy dy) + dz + dy =0
il

z(ydr + xdy) +y(yde + xdy) + (dz + dy) =0
1

(x+y)(yde + zdy) + d(x +y) =0
Ll == ]- VA
Horyro| MRAT —— T/
Tty
d
d(zy) + (z+) =0
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2.2 IE& ODE ( Exact ODE ) NRAKE 113

dlx+y)
[ e [T =
Alf 2y +In|z +y| = ¢, MIREEEEILES, 7175 ODE HUE#ER
eY(r+y)=c

24+ y=0,7HE ODE, # = +y =0 5 ODE HJ—f#* ,

#f b A 0

9. Solve (z — 42%y3) dy + (42t — y) dz = 0. (BTRETF)

(M%) 1= [ ODE Al B K
zdy — 4%y dy + datde — yde = 0
il
zdy —ydr — 42> dy + 4atde = 0

Far#0, 1
d(yz—1)
2
xQd( ) — da*y3dy + 4atde = 0
x

— Azt dy + datde =0 (x #0)

Ly = 1 PA
FGEES 2 Al fE
d(y) — 4y3dy + 42?dx = 0
x

/d(%)—/4y3dy+/4x2dx:c

A% ODE HEfEE

R Ui L 7

y 4
— —l—x—c
T y 3

10. Solve the following differential equation
z(lny—Inz)dy = (ylny —ylnx — z) dx (BRERE . IRIRERE

*HE L, fEk—F ODE MiaEY , ¥EeR LEESINESHRT, MEEIRFLEES 0 WE (DK
HEMEE r+y=0), —95 ODE WfE, T#EELFEI 4 ODE BEFHRAFEEE 0, Bl +oo
K&, Fﬁufﬁiﬁﬁﬁf}f%xﬁﬁ&ﬁ%z&tﬁ W RFEMRS ODE R  MET2% 100 EHH2E T .
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HFE
B 3 3 &b ODE ki
TRAEE

400 AR

HIl ODE WIEfER

x2+03 (2)
+ * dx = F\/c9 —
ym:/wmmz/\@:ﬁ

= - (3)
(z) 2 —x cs H y/(:ic)
Yyl \/ 24

\/co — x?
- (4)
(x) 62—$2+63Ey/($):m
y(z) = —v

=2 A (4) AFHHE
A (3) AAE B (1) =11 y(1)
ﬂ%y/(l):1ﬁ)\ {y()Q —\/62— +c3

y'(1)=1=

\/02—1
S o =2.c3=3, Ak 2
Ej y(x) =—2—22+3

2

< = > lé ZL»
'j :]E[ ! O o f_l‘ k $
‘ ! /(.Z')i| Yy (x)

. 2 yy (l') |:y AL

(a) = RS
Fplr)=y'(x), Al y (v) =g, -
(B3) v R o BH | 8H p

dp 2,0
vy,
w1y =0
N p(ydy

( _1—00
5P = —l—i—p
WA p OBSZyy

\\ N : [e]
) y/( ) 5 '/f-‘?‘\ y(l‘) C |/ E’%;ﬁ%
(1 P xr % ( )l)E

£ 1, TEEBREA]E
dp+p—1—0,1:p
(2) Y3,
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g1
d = +dr ¥ / + / dx

\/ c1 — y? - Ve

Atk
-V —y?=E(z+ )
ODE K@ f# 5
c1—y = (r+c2)
7. REE yy'(x) = [y (2) ] [1 -y (z) cosy + yy'(z) siny] (BT R AR

@%m?ﬁxﬂ%,ﬁ%pzyuyﬁhﬂwzp%,ﬁkﬁﬁ%

dp .
g, = p*(1 — pcosy + ypsiny)

Eﬁ_ﬂ%‘p—oyy =p(l —pcosy + ypsiny) o

(1)p:y(x)zo,ﬁﬂ?fy(x):c,%ODEZ—*@@O

(2) yd_y = p(1 — pcosy + ypsiny) , AL
d;
yd—z —p=p*(~cosy +ysiny)
_1 ]. .
p ' =—(—cosy+ysiny)
)

;@ RE (1) RS

dz+1 1( ) )
— + —2z = —(cosy —ysiny
dy y Yy

B (2) ABE 2 R, y REBEHE—FERRE ODE , HESHE TR

1
[:exp(/gdy) = eyl =y
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3.6 mlEERYE ODE MRAEE 403

2l
1
Iz = /y-—(cosy—ysiny)dy:siny+ycosy—siny+01
Y
Hp
1 ycosy-+cy
z = p = —:
Y
[ p
p=Po Y gy YT, g,
dx  ycosy+ cy Y
W i R
/ycosy—l—cl dy:/dx
Yy
. ODE HJ:E@f# 5
siny+cplnlyl =z + e
8. Find yy/(z) + (y + 1) [¢/(x)]* = 0. (R EERE)

(BB 1o [H 2 BE 8 p = o/(2) L Bl () = pj—z B
vy (y+1)p*=0
?dey Yy p
A

d
p[yd—z+(y+1)p] =0

; . d
WAB p=0 B yd—§+(y+1)p:00

(1) p=y'(z) =0, y(z) = c |[% ODE Z—f# .

d err g VA
(2) y—p +(y+1)p=0, TBEEEAE

dy
Yap+ (X Yyay = o
Y
W B P 7015
In|p| +y+nly| =
T i B FE B

pye? =c1 ; (cp = £e)
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406 aRAEKE B 3E

e d d
gaag (L2 L — 0 A
dy dy

dp dp .o
f— — _ 1
p ydy+(dy) (1)

(1) FF Clairaut’s /7123

(a) M 172 AR, °TH (1) RE#FS p = ciy + o1, B Z—i =ay+c, 1%
dy

=dx
c1y + C%

W itEST A% ODE HUEAE R

1
—TInlery + 3| =z +
1

T Ui A B R A

2
(b) B 172 EROARK, TTH (1) RGBS p - -2 B0

d 2 dy 1
dy _ vy _dy

dx 4 y2 4
Wit 7 P 15

i ODE W RER y(z) = -
17

12. Solve —yy"(z) + [¥/(z)]* + 32y* = 0. (BRIAR)

(@) 1= | ODE B¥ y REBHME 2 2 KEXAER , & y(@) =", &

RARARE

_ez(x) [Z//(x>€z(m) + [Z/(x)]Qez(x)} + [Z/(x)]QGQZ(x) + 31,622(3:) -0

il
—"(2) = [/ (2)* + [¢(@))* + 32 =0
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470 ARAKE % 4 3 Laplace i HFEH

11

47.(1) Find the inverse Laplace transform of the function : F(s) = —es.
s
(2) Suppose F(s) is the Laplace transform of the function f(¢) and given by

the equation F(s) = é exp{exp(—s)}. Find f(;) (BBRA)

() == (1) 1 es B Maclaurin’s R E(AT1E ,

1. 1211, &1,1
Pl =g =5 amt)" = Zutwr)
[
LHE(s)} —z‘l{i()%(snil)} = é%g—l{(snil)} = io% t_'
(2) # exp{exp(—s)} B Maclaurin’s fRE A5
1 1 = 1 —S\n __ d 1 1 —ns
F(s) = . exp{exp(—s)} = ggoﬁ (e )" = n;oﬁ e
|l
F0) = 2 HE@) = & o MGy = X (=
Bl f(t) —H(t)+H(t—1)+%H(t—Q)+%H(t—3)+%H(t—4)+--- i
f(3) = H(3)+ Hz ~ 1)+ 5H(G 2+ gH(z ~3) 404 =2

48. Evaluate the inverse of the following Laplace Transform

1 1 e T
% {7\/5(3—1)} (FERERAEL

1 1 1
A o H{—) = =
(B8) e K 2 {\/5} p(l),tm \/7_T-1t1/2’éﬁz
2
o1 1 1 1 [letT .
31{%‘(8_1)} = m*et_ﬁ/omth ;(43\7222)
zet \/E

2
= — e dz = el erf(V)
VT Jo
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556 "ARAEE % b W WM RN R R

RAJE ODE 7]

oo oo oo
> n(n— Dapaz™ 2 — 2 > a1+ > apz" =0
n=0 n=0 n=0

BT Y NIRRT Y A

o0

oo (0. ]
Z (n — Dana™ 2 = hapa™ + > ap2™ =0

= n=0 n=0

52 AR o MR | R —TER KRR

o0 oo o0
S (n+2)(n+ Dapgox™ 4 > napa™ + > apz™ =0
n=-—2 n=0 n=0

3L HRE Y AT

oo oo o0
0+0+ > (n+2)(n+ 1aptoz™ — > napa™ + > apa™ =0

n=0 n=0 n=0
L3¢ N
> [(n+ 1)(n + 2)ansz — (n = DagJa" = 0
n=0
B RB A EEEAR
(n+1)(n+2)apt2 —(n—1)a,=0 ; (n=0,1,2,3--+)
p+42 = (n = Dan i (n=0,1,2,3--)

(n+1)(n+2)
Bn=0.1.2.3.---REEXTE

=0 = = —
n an 1.26L0
0
=1 = =—a1 =0
n as 2.3a1
- _ax  —ap
n=2 = a4——3 =
3 = 293 _
n = ar — — —
5T 45
3ay —1-3ag
" 65T 6!

LIk
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610 c°ARAEE % 6 T Bessel ezt ) Bessel B

6.2.2 5 —# Bessel &H¥

1. EFE
BAS 3 X T) = 3 (=1)" Lyont
(1) p FESE—%H Bessel BN J,( )_%F(n—i—l-l-u)n!(Q) g
(2) () B— I8 Bl BB U (0) = 52 L yons

. - . o d? d e
EH 1: 8% uFE Bessel AERE xzd—xg + xﬁ + (22 — 1 Dy(x) =0, B p # BEH
HI| Bessel 712 XA B AR

y(z) =1 Ju(x) + co J_p(x)
EE 2 Eom BEEE A J.(2) = (—D)"Jn(z), BN T (x) 8 T, (z) BIREME
K o

6.2.3 F_HHF =4 Bessel HE

1. p (u>0) F&5E —3H Bessel BHE
P& 58 —4H Bessel BREUEZ K

mwm%@%“LM@-u>oH$%%ﬁ

Yu(z) =

sin pm

£ m RFEARIEE Al
cos p Jy(x) — J_ ()

Yiulz) = Mlg%Y( v) = ph—>mm sin p
— $in pm Jy,(z )+cos,u7rai(x) — aJ_M(yc)
= lin op op
[i—m T COS UT
g, J_
= x)— (=)™ Pz ‘
L2 - con @) |

“u FEEE — % Bessel MEUEHEBHESR Carl Gottfried Neumann (May 1832~March 1925) FIfiif 5
# Franz Ernst Neumann(Sept 1798~May 1895) fJ24: Heinrich Martin Weber(May 1842~May 1913)
Frfe iy, R EERAEE LHBIER TR Neumann, 4 &5 4 Bessel BKEUELL N, (v) R FT,
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726 ARAEE B 8 W OB EEE RN Fourier

ODE HJBf# S

y(x) = ¢y sinpx + ¢ cos px (4)
H
y'(x) = c1pcos pr — copsinpz (5)

KRB FUEHE y(0) = 0 RA (4) AT o = 0, FREEFEM o/ (0) = y(1)
RA (4) REE (5) Ref , A& [erp = crsinp , B

c1(p—sinp) =0

W p—sinp#0,#c1 =0,#F c; =co =0MREl (4) X, WL y(2) =0,
i ODE fEFEZEME (5 trivial solution) o

(2) HERAEFIEETE Sturm Liouville F:2 564 , Kt ODE 15
Sturm-Liouville &5 ERME, # e BA K5 & R EUIER e
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