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(2)  G) B (@) B, f(@)de=G0) - Ga)=G) |

a

&  H (Cramer’s theorem)!
R
a11x1 + ajpwe + - -+ apT, = by
ag xry + ?22$2-+ -+ agpry, = by (1.1)
ap1T1 + aparo + -+ appT, = by
a1 a2 - Qln T b1
A: &.21 a9 a?n ,X: .Z:Q ,B: [).2
apl Aap2 -+ Qpp Tn bn
(1) Cramer'srulet:  B#0, B &0 , det(A) #0, A B
AH) ; HB ey R G = v T A =
Cdet(4) _ det(Ay) _ det(A,)
€r1 — , L2 — y oy, Ty —
det(A) det(A) det(A)
(2) B=0, HA HAB
anxy +apre + - +apr, =0
anx1 + ?22£E2.+ <+ agpry, =0 12)
ap1T1 + ap2re + - - - +ap,r, = 0
LR B Q) RABEX A R
(a) det(A4) # 0, 12X Broi=aw=--=z,=08
(trivial solution)
(b) det(4) =0, 1.2) & X1 Ty e Iy =

#  (nontrivial solution)

fGabriel Cramer(July 1704~Jan 1752) +#
t ¥ £ Gabriel Cramer ? 1750 % Introduction to the analysis of algebraic curves —, X
ORIT29%FE B O Colin Maclaurin B, B 17485 % Treatise of Algebra
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> Yy b b
— p—1 q—1 d
o0 —1
yp
A —
o (y+Dbypta y
0] 1
(3) ax=sin*0, 1-az=cos?d dr=2sinfcosddl, | — ‘ :
0 [[o]r/2
OR, #&
1
B(p,q) = P71 — ) e

0

= (sin? )P~1(1 —sin% #)4~'2sinf cos H db
0

s

= (sin? 0)?~1(cos? 9)9~125sin 0 cos O do
0

s

= 2 (sin9)* !(cosH)*!ap
0

R
(1) B(p,q)=DB(q.p); (p>0,¢>0)

2) B, )= -PT@D o 40

Fp+q) '
(3) B, 1-) =TI -p) = g i O<p<)
(4) cos fsin™ 9d9——B(m+1 n-2|-1)1 (m;1>0,n7+1>0)

0

oo
xa

. ($+b)mda:=WB(a+1),m—(a+1)

(5)

(a+1>0,m—(a+1)>0)
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100 2E 23— ODE RHIEH

2.1.2 o FHEX6H8
1.  (solution)

= %% ODEW #, % ODE By

2. E/\j : n ODE ﬁ‘j’ y(n)(x) = f(.fll', Yy, yla Tty y(n—l))
(1) : ODEH) , BB HEW %, PRI ODER &,
% ODE HY (general solution)
(2) B : ODEHW ,=H  FREM, BEWEHH , & ODE
)% (particular solution)
(3) & EEHODEW  XE, ¥a ODERY , BE (singular
solution)
3. W& E
(1) ODEHY oy W 23 = 1 A S O -
(2) ODE fy£ e RKRE  MODE , ¥ B B M

i) BX
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2.2 IE&5 ODE ( Exact ODE )

¢(r,y)=c , B ODEW B

—y €S2z + 2zy2 +siny =cy (ca =c— 1)

£E 123

3. Please solve the di erential equation
(22 + 2zy — y?)dz + (y* + 22y — 22)dy = 0

(a) Please verify that the di erential equation is exact or not.
(b) Please show that the integrating factor u(z, y) = (z + y) 2.
(c) Please solve the di erential equations.

[ S e
()
M = 2% + 22y — o>
N =y? + 22y — 2°
oM
— =2r -2
oy vy
ON
— =2y—2
ox yoet
oM , ON
— #— it ODE RIE
oy ox
(b)
oM ON
oy dr _ 4(x —y) _ 2
N-M 2(y? — 22) x+y
[ I

2

1

p(, y) = exp{ Ty d(z +y)}|= exp{-2In|z +y[} = (z + y)2

1 .
(© p(r, y) = m [l ODE 7S
1

(z +y)?

{(@* + 2zy — y*)dz + (y* + 22y — 2%)dy} =0
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132 rE % 2 3 —K5 ODE R HKEH
B AaAmRE
1 1 1
1.zt —2%y? —day + 6 =c 19. Z$4 + §x3 + 2;152@/2 =c
3 3
2. zy + ;x =c 20. [323y? — 2%y = ¢
1 5 2 -1Y _
3 2 — 1
4. y+ayP+r—y=c 22. E(g)2—4|n\xl=c
x
1 3 2 —
5. §x —x°y —CoSy = ¢ ’3 1 1 1(y 5
) T2 T 3TN T
6. 2z +sin(zy) = ¢
7. % =4y>+5
8. zcos(zy) +y? =c
9. e*siny+3xy =c¢
2 2
T Y
10, — —axy— ==
0 y T WS =
32 2
11. —%+xy+6x+—+2y=c
12. y*(1 —z?) —cos’z =3
13. By, Boay?—2y° =c
1 s
14, %;, Baoy+Injyl=c
2
15. xy+y2+y—§=c
16. 22y3 — 223y%2 = ¢

17.

18.

tan~l(zy) +z=c

1+ 2y

2
¢ +1In
1— a2y
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230 2E 3 % &k ODE K HKER

X Bm=+i m=-1+3 1%

y(x) = ¢y sinx + cocosx + e *(c3 c0s 3x + ¢4 5in 3x)

6. Two students solve the same initial value problem " (z) + ay/(z) + by(z) =0
with given initial conditions y(0) = A and 3/(0) = B. Using wrong constants
for b and B, one student got the solution y4(z) = e 2*(cos 3z + 2sin3z).
Using wrong constants for a and A, the other one got the solution
yp(xr) = —3e® + 2¢3%. Find the correct constants for a, b, A and B and solve
the initial value problem. BEC

[ <
(@ WA : y@) =" [5 ODE 5

m? +am~+b=0 (1)

Ebof K ODER £
ya(r) = e **(cos 3z + 2sin 3x)

WA Bm=-2+3i, EEN.=—-(-2+3-2-3)=4,%
ol F:ODEW 5

yp(z) = —3e” + 2e3°

WO)RAN Hm=1 3, MEWI=1.3=3,ac b KH Y
BEA B

m?+4m+3=0
IFHER m= -1 -3, FiE ODER) £

y(x) = cre” + cge (2)

(b) I.C.:|b A YOO =B EF B 5B

ya(z) = e 2% cos 3z + 2¢ 2% sin 3z
WIEHE A=y (0)=1;aE yO=A B B B

yp(z) = =3¢ + 2637
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TRk ODE £
By dPy

dy _ 5.2

12. For each of the following problems, find, respectively, a di erential equation
having the given function as a general solution.
(@) y(x) =cicosz + coSine + x.

4
(b) y(z) = c1e7 + cpe® + ze. B

[ <
(a ODEW 5B
y(x) =cicosz+cosinz +
i ODE R £ yn(x) = cicosx +cosinz , B B y,(z) =2, ODE
BIBER B yp(x) = crcosz + cosing , #8 ODE WYRFE B 4+, It ODE
RS S
(m—i)(m+i)=m>+1=0
it ODE £
y"(x) + y(x) = R(x) (1)
B | yp(x) = MR, B R ==z, ODE &

y'(@) +y(x) =«

(b ODEH &

4
y(x) = c1e 3% + cpe® + 662‘”

4
i ODE MR B yn(x) = cre ™ +ce® , ¢ B yp(a) = 562’75, ODE
FIBER B yn(r) = cre 3" +ce” , i ODE FUFFE £ -3 1, [t ODE
R A B

(m+3)(m—-1)=m?>+2m—-3=0
it ODE £
y" () + 2y () — 3y(x) = R(x) )
B oy(x) = ge% ) 2, 5B R(z) =4e* , il ODE 5

y"(z) + 2y (z) — 3y(z) = 4e**
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3.2 HWREHYE ODE £E 239

B Cramer's rule 4

Y1 e Y 0 Yirl 0 Un
vio o Y 00w o g
(n—1) (n—1) - (n—1) (n—1)
¢;($) - U Yi1 /an Yit1 Yn
Y1 Yy o e Yn
e Un
1 ~1 ~1
IR R S
- R(x
(_1)n+l W(yl> oty Yi—15 Yikl, s yn) ( )
_ an(z)
W(y17y27 7yn)
(/L = 1 , 2 , PR , n)
Wi, v2, > un) Boi(@) wol@) -+ yulz)  Wronskian =

(5) (&) H ¢i(x) #& ¢i(2) [l (3.13) =, K78 ODE ks
yp(x)

(1) n=2

7 HE @)y’ (x) + ar(2)y (x) + ap(2)y(r) = R(x)

(i) %1 ODE IR 1 yn(z) = ciyi(z) + coya() | Wy, y2) #0

(i)  yp@) = e1@)yi(@) + ¢a(2)ya(z) , B ODE 77
$1(@)y1(z) + Pa(x)y2(z) =0

(@A (@) + Sy(aha) = =
i
| i((?) o(z) i i((?) )
¢1(x) = _—W(y1 ) $1(x) = —m dx
Bo) | @) Be) . @)

ooy — @2(2) _ az(2)
Palr) = Wy1, y2) #2(2) W(y1, y2) e
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(2) n=3
7 AR a3(@)y” (@) + az(2)y" (@) + a1(2)y' (z) + ao(2)y(x) = R(x)

RE

EH] ODE BYBER £

(1)

Wy, y2, y3) 70

(ii)

3 % il ODE K H KM

&

yn(r) = c1y1(x) + caya(x) + c3ys(z) ,

Yp(@) = P1(2)y1 () + do(z)ya(z) + d3(2)ys(x) , Bl ODE &
1 (2)y1(x) + ¢h(x)ya(x) + ¢5(x)ys(z) =0
P1(2)y) () + dy(x)ys(x) + P3(x)ys(x) =0
B @) () + G4 () + Sy (@) = i((?)
4
aRg((Z)) W(y2 ., y3) Ci,((i)) W(y2, y3)
he) = Wy, y2, y3) o1(2) = W(yi, y2, y3) dr
_Cz((i)) W(y17 y3) i((i)) W(y1 , yg)
Palr) = Wy, y2, y3) Pale) = - W v
/ aRg((i)) W1, y2) Z((Z)) W(y1 , y2)
¢3($) - Wy, y2, y3) 93(2) = W1, y2, y3) du

X B W, y2. y3)

=,
y1(x)  ya(x)
y1(x)  yy(x)

5 Wronskian

Wy, y2) =

yi(z) y2(x) ys(2)

Wy, 2, y3) = y1(@)  wa(e) y3(x)

yi(@) yy(x) yy(x)
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3.3 FHEMEHR FHEK

3.3.1 Euler - Cauchy %% H#HEX

1. n  Euler - Cauchy* % ODE tZ#%

d" _ydnt d
anx”ﬁ + a, 12" 1# +.-+ alxﬁ + agy(z) = R(x) (3.19)
an  An_1 ---a1 ayp HEEL,  a, #0 (3.19) & B Euler - Cauchy
ODE
2. AR

dy dy d
= _:D I} D:_y
#oa = o =Dy LT
Py _ ddyy_d Ldy o 1dy 1t d dy,
de2  dx'dx’  dx “z dt’ T 22 dt  x dx dt dt
_ ldy, 1d%y
N 2 dt  x? dt?
R
d2y d2y dy
2 — —
—Z=_2 2 =D(D, -1
CE T aE - PPy
biiil
d3
IL’3d—;§ = Dy(Dy — 1)(Dr — 2)y

mn

d
ﬁ:WE%=IMDr—D@%—Q-~@%—n+Dy

2 @O F BEHE)R |, & BB % % M ODE
(3) H® % HODE®W  Hik, K y(t)

(4) t=hnz Hyt) , KEEL)RXHN  y@)

*Leonhard Euler(April 1707~Sept 1783) =+ I R BEE e = 2.718281828459045...
= Euler 1Y X e B Augustin Louis Cauchy(Aug 1789~May 1857) it # ;
4% 789 B ¥ M X B Euler AFr MW O EE ¥ 5 R OH B R
7 AR H OE g Euler 7 LV 5 B VI ::1: N Ny S BV - Y =

Euler fx # #, Cauchy 2% Mosts R HtAs X% B Euler-Cauchy /5 =,
B Euler /i R, # "Differential Equations with Applications and Historical Notes” By

Simmons page 86.
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330 E 3 # &ifE ODE RHFEH
2.n IFE ODER =R
n 4 ODE &
an(@)y"™ (@) + an -1 @)y V(@) + -+ ar @)y (2) + ao@)y(x) = R(z)

ODE BIE W& &
ag(r) — d (z) + () + -+ (~1)"ap ) (z) = 0
3.42 X B
4 ODE £
as(@)y" (@) + a1 (z)y (@) + ao(x)y(x) = R(z) (3.27)
Dzé,éﬁODE B
{as(@)D? + a1 (z) D + ag(x) }y(x) = R(z)
R

bi(x) D+ ci(x) ba(x) D+ ca(x) y(z) = R(x) (3.28)

2(z) = {b2(2) D + e2(2) }y(2) = ba(2)y () + ca(z)y(x) (3.29)

[ @328« , &

{01(2)D + c1(x) }2(2) = R(x)

A " ODE, #t K 2(x) () | 329 R 5
ba ()Y (x) + caa)y(x) = 2(2)
= % ODE , Kk (3.27) R y(x)

NOTE: Li(D) Lo(D) & T CEC RE B I

Li(D)La(D) = Lo(D)L1(D)
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3.4 —FESREHYE ODE £E 353

1

ur)=ep(-—;  Pl)dr)=exp(—; 2edr} =

y(@) = u(@)v(z) = e 2u(z)

[El ODE #&
V'(2) —v(z) =0

A% #% MHOoDE A &

v(x) = cre® + e "

W ODEW £ y(x)=ul@)v(x) = e=e"/2 (cre® +coe™™)

2
1 .
19. Please solve xz% + xj—i + (2? — = 2%/ sin .
B o X HWEK . _
sinz
y"+—y/+(l—4—x2)y=ﬁ (1)
1 1
P = _ =(1 - —
(7) - @ ( 1.2
1 1 1 1 1 1 1
P _Ipl=1- 4. _ .- =1
@ 2 4 422 2 22 4 22
It

Sl

P 1 1
u(z) = exp{ —3 dx} = exp{ ~92 de} = exp{—z Injz|} =

y(@) = u(@)v(z) B Q)X F

sinz

S

V() + v(z) = =sinz

1
Jz

1

. X
v(x) =c1cosx + cosinx — ECOSx
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362 2E B 3= Ek
o B p
&= 2r dx
y4
5

In|z| = 2% + ¢

= B Br=cev, HO+2)y=:z el

y +2xy =c e’

X  ODE, B[ =el2dr = o0* g
[y(%) = emQ X 1 em2 dr + ¢
W ODEH /&

2 2 2
y(@) =cre™™ ¥ dr+cye ™

ODE K HF&R]

3. Analytically find the general solutions for

22y" + (23 — 3z)y + 2224 =0

I

d
where = —,
dx

B e X HWEK
{zD?+ (2> —=3)D — 22}y =0

-V 5%
(D —-3)(D+x)y=0

z=(D+a2)y, W &

(xD —-3)z2=0 = 22/ —32=0

In|z| = 3In|z| = ¢}
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474 RE 5 4 3 Laplace {6k 3 HE A

s+s+1
A = L U
{52+s+1} s—1

3s2+1 N (s +s+1) - (-1D(@2s+1)

{52+s+1 (s2+s+1)2 }5:1
4 3x3_1
3 9 3
sSS+s+1 —1q
(s2+s+1) =1
p 2
(1) = s  §— 00, %1=A+C,EQC=§, s=0 [H
QX =
1= -A+B+D
1
D=z,
[ 3
3
. s?+s+1 _ . 1 4 1 . 2s+1
S e e U vy s Sl e C R T
1
_ let+tet+£g’1{ 2(s +3) )
’ T e ey
"2 2
_ 1, i, 2 —35t V3
= 3¢ +te +3e COS(Zt)
3. 3k _1{ st+s+1 }
C s2(s — 1)(s — 2)2
[ S e
st+s+1 _A,B_C D  E M
P2(s—1D(s—2)2 s 2 s—1 s—2 (s—2)2
A = st+s+1 /

Ty 6o
453 + 1 (s*+s+1)(-1) (s*+s+1)(-2)
{ + + }
(s5—1) (s5—2)2 (s—1)%(s—2)2 (s —1)(s—2)3 " s=0
1 1 1

_3
4

B= st+s+1 _ 1
T G-D(5-2? s=0 4
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RE

495

10. & 2 (Unit Triplet Function)
Y
A
1
= | | |
>
€ 26§ 3e
2
— b i
_ _ + _ _ _
T(t) = lim H(t) —3H(t —¢) 3]?:1(15 2¢) — H(t — 3¢)
e—0 €
R 2{T®)}
[ S e
. 1
g{T(t)} = Img) = g{H(t) —3H({t —¢€)+3H(t —2¢) — H(t — 36)}
€E— €
1 1 e~ €S 6—268 6—355
= lim —={--— + —
e|—>0 €3 {9 3 s 3 s s }
. 35675 —Bse 25 + 35 3¢S
= lim
e—0 362 S
) _382 e €S + 1282 6—26 s _ 982 6—35 s
= lim
e—0 6e s
) 383 e—€s _ 2483 6—26 s 4 2783 6—36 s
= lim
e—0 6s
— 2
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502 2E 5 4 3 Laplace {6k 3 HE A

Py _ d dy, _ dtd( ) - d%y
de?2  dx dz’  drx dt a2
[6] ODE = ,
dy s s
— Sy =2(t+-)=2+ = 1
Sy =2t ) =2+ M
B By =2 dy =2-v2, @R Laplace #t
t=0 2 dt =0
2 T
= + —
ATy = 22+ )
=

(Y ()~ 50—y @) +Y(5) = 5 +

2y =Y (), BE B

(s” +1)Y(s)=—s+2 xf+8—2+2—S

® | =

T
2

7Ts3+2(2—\/§)32+4+7rs_4+7rs V2

Y(s) =

252(s2 + 1) 22 s2+1
14
y = 2 H{Y(s)}
2 V2
_ -l T Ve
- < {52 s s+ l}
= 2t+g—\/§ sint
T T . T
= )Y+ - - _
2(x 4) 5 V2 sin(z 4)
= 20 —/2 (sinx-cos% — cosz - sin %)
= 2z —sinz+cosx
5. y"(t) +5y/(t) + 4y(t) = 3+ (t)* (Method of Laplace transform). /N
* I B BERAH ) F Laplace #&t X ODE B, 5(t) H(t) Y Laplace 15
20y =1 L{HOy =1, #&¥ B B & ERE 200} =" 2{H®H)} =1,
&R Laplace # ODE K , & t#H ECE Bt>0 A & e iH

Erwin Kreyszig, Advanced Engineering Mathematics, 9th Edition, pp.244, John Wiley & Sons, Inc.,
2006, ISBN-10:0-471-72897-7. B¢ Peter V. O’Neil, Advanced Engineering Mathematics, 5th Edition,
pp-147-148, Brooks/Cole-Thomson Learning, Inc., 2003. B Dennis G. Zill, Michael R. Cullen, Advanced
Engineering Mathematics, second edition, pp.226-227 Brooks/Cole 1997, ISBN 0-7637-1357-0. B George
B. Arfken, Hans J. Weber Mathematical Methods for Physicist, International Edition, 6th Edition,
pp-975, John Wiley & Elsevier, Inc., 2005, ISBN 0-12-088584-0. Wolfram Research, Inc.
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14
S S —TS
(s> +16)Y(s) — 1= v T’
s*Y (s) — sy(0) — y/(0) + 16Y (s) = .2{r(1)}
B p(t) =0 q(t) =16,
) = 371{32 +16 2+ 16€7m}
= cos4t —cos4(t — m)H(t — m)
= cos4t{l— H(t—m)}
_ cosdt |, 0<t<m
B 0 t>T
g‘l{m} = %sin 4t |
y(t) = 27 H{Y ()}
— —1{ 1 + s _ s 6—7rs}
Z V3516 (£+16)° (£ +16)
= Zsindi+ L sindl - {(t;”) Sind(t— m)} H(t —7) : (t > 0)
11. #FHH Dehamel = 59
ay" (t) + by’ (t) + cy(t) = (1) ; y(0) =4'(0) =0
K /& Y;(t) &L
ay”(t) + by (t) + cy(t) = f(t) ; y(0) =¢'(0) =0
t
B/ y(t) = Ys(t) x (1) = ) Ys(t — ) f(r)dr
[ e

ay” (t) + by’ (t) + cy(t) = 6(t) ; y(0) =4'(0) =0
Laplace #& 7

Aay"(t) + by (t) + cy(t)} = 2{o(t)}
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702 Bt B8 W BN MIEHEREN Fourier HE

3
E& bl =4 E y H%
1
<g1, 93> = ao(co + c12 + cx®) dx
-1
z? 1
= (apcox + agp 017 + ag ng)

2
= ZCL() co+ §a002 =0

2
W 2¢o + 32~ 0, c2=-3c,

1

<g2, 93> = biz(co + c12 + cp2”) dx
—1
2 23 A1
= (hicoe +bieie + biey
(1602 117 1024)_1
2
- 55101:0
We=0, I

g3 = co + c1z + cp2° = ¢ — 3cpr” = co(L — 32?)

1
lgsl = V<g3, 9g3>= {co(1 — 322)}? dx
-1

1

= 0(2)(1 — 622+ 924) dx
-1

9 1
= (B(x — 223 §x5)

18
= 03(2 —4+ g)

= = =1

o1l oo |

E&C():Zt

ool o1

(1 —3z?)

N

&

NS

w

Il

H_
ool |
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8.3 Sturm-Liouville @# & 2E 709

s
b b b
—{p@)y @)} +  p@{Y (@)} dr—  q(@)yP(2)da
A= ¢ ab < (8)
w(@)y?(z)dx
H HEH
b
{p(x)y' (x)y(x)} = p(b)y' (b)y(b) — p(a)y'(a)y(a) =0 (9)
H BEBEH p)>0 ¢@)<0,Vzela,b],
b b b
p@){y'(2)}?dz >0 ; q(z)y*(z)dz <0 ; w(z)y?*(z)dx > 0 (10)

BO @) EHERX , /FTA>0

4. A boundary value problem having the form i3
d dy
—{p()=} + q(@)y(x) + Aw(@)y(x) =0, a <z <b
dx dx

ary(a) + agy'(a) =0 and Sy (b) + Say'(b) =0

Show that the eigenfunction y;(x) and y2(x) belonging to two di erent eigen-
values \; and \q are orthogonal with respect to w(z) in (a, b).

Mo BEON AT B ORE OBE @) | @)

{p@)y1(@)} + a(@)yi () + M w(z)yi(z) =0 )

{p(@)ya@)}Y + a(@)ya(e) + Ao w(a)ys(z) = 0 ®)
(1) % o(z) — () x (@) 13

{p(@)y1(2)} y2(2) — {p(@)ya(2)} y1(2) + (A1 = Ao) w()yr(z)y2(x) =0 (3)
SE

{p(@)y1(2)y2(2) — ya (@)1 (@]} + (A1 = M) w(@)yr(@)y2(2) =0 (4)
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(4) a~b®) &
b b

p(@){y1(@)y2(2) — ya(x)y1 ()} T (A1 —2X2)  w@yi(@)y2(z)dz =0 (5)

B R cy(e) +ay/(e) =0, #
ary1(a) + agyy(a) =0
a1y2(a) + agys(a) =0
a1 am 5 0, #H Cramer’s rule 41

y1(a) ¥(a)
y2(a)  y5(a)

HH By + B/ () =0, B

= y1(a@)ys(a) — y2(a)yi(a) = 0

y1(0)ya(b) — y2(b)y1(b) =0
1

b
p(@){y) (@)y2(x) — yh(2)y1 ()} o= p(O){y1(B)y2(b) — y5(b)y1(b)}

—p(a){y1 (@)y2(a) — yo(a)yi(a)}
= 0

E 5) X & b
(A —2X2)  w@yi(x)y2(x)dxr =0

a

M # X, W

b
w(z)y1(x)y2(x) dr =0

a

yi(z) yo(x) z€(a,b) M| w) HIE

5. HAAU Sturm-Liouville 5% H B

2
%”WPO ; y(d)=y(d+20), y'(d)=y(d+20), (>0
X
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(3) ¥+ y=0,y0)=y() =0, ENFH & B

T 3w 2n — D7z
{cosz—g, cosz—g, cee COST, e}
L5 0,0 M # Huw@)=1% E

(4) "+ xy=0,y0)=y()=0, ENFH & B

. 3mx . sin (2n — Drx

{sinZ—Z, sin =7, , - )
L5 0,0 M # Huw@)=1% E

(5) ¥V +Xy=0,y(d)=y(d+20) y(d)=y'(d+20), ENREH B KB

{1, cosW—Z, sinW—Z, cee cosﬂ;, sin?, e}
[ ¢, M # BEHuw@)=18 1E
9 de dy - /iy A
(6) A—aPg 2L +nn+y@) =0 (o] <), MO % R
{P()(.I) ) Pl(x) ) PQ(x) y T Pn(l') ) }
L4 [-1.1] M # FHw@=1/ 1
2d23/ dy 2 2 2 — _ £ 7y
(7) 2" +ar——+N\2" —p)y)=0,0<z<p y(p)=0, FERIRHE B
dx X dx
{Ju(%» Ju(@—jf), S M%), )
R 0,p] M # Hw@)=15 1E
8.4.2 &% Fourier ¥
1.
{on(@) )2, 7 [a, 0] H # Hw@B E B , iy
(a,b) HIFEK B f(x) B
f($) = Cl¢1(x) + C2¢2(3’3) +.+ Cn¢n($) +..-= h Cn¢n($) (84)

n=1
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1

< f(2) . cos(n—y) > @ cos(%)dx

(n=1,2,3--)

" cos(*20) | cos( - nTT
- (7) ’ (7) ~ cosQ(T)dx
0

(3) Fourier &

{1, cos(?) , sin(?)}?ﬁzl B ¢, tH # Hw@E)=1
B E . B B (—0,0) HWRE 2,
B )
f@=ar+  {ancos(50) + bysin(o0))
) ] ]

n=

1

@1 S0
To<1,1> |

12 dx
—¢

1

< f(z) cos(ﬂ;) > L@ COS(E;)dx

n=1,2,3--)

o < cos(™y | cos(Ey B ¢ e
¢ 7 14 ecos (T)dx
¢ nmx
< f@), sin(50) > f(x) sin(==) dz
b, = . NTX : gmrx = _=¢ (n=1,2,3--)
<sin(=m) s sin(=m) > sin?(“75) da

—
(4) Fourier-Legendre

{Pu(x)}oo, . B [-1,1 M # FHow@) =18 F #
@B B (-1,1) MWHRE B, 359

f(‘f) = & CnPn(;p)
n=0
1
< f(@), P(x)> _ 4 f(@) Pp(z) dx

o - =0.1.2--.
Cn < Pn(x) , Pn(x) > 1 ) (TL , 1, )
Pi(x)dx
—1
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Ey Bk
OEy _ _
aCkk =-2< f(ZL’) ) QZSk(ZL’) > +206k < Qbk(l’) ) Qbk(l’) >=0 (k - 17 27 M)
"R (@), or(x)
_ < x), o) > _ _
R 75 B 2o B IR
[B] Ey 5
b M
Erd)min = wlz) f*(z) dw — 710721 < on(7), Pn(x) >
2. L= %{p(x)%} +Q(x) , z €[a, b] , B Self-adjoint ,  w(x) B B,
K
Ly(z) = Ew(z)y(z) + w(z) f(z) ; z €la, t]
B L
[ I =
(a) F Sturm-Liouville & (29 f1E
Ly(x) = —dw(x)y(z) ; = €la, ]
B Sturm-Liouville 5 , BE B\, FERIIE FifE
%Z%\J Yn(),
Lyn(x) = _)\nw(x)yn(x) (1)
{yn(x)};’f:l I Ik
(b) {yn(@)}22 = iE , 1
Ly(z) = Sw(z)y(z) + w(z) f(x) ; z € [a,b] (2)
o RH 159 .
TOEIRIAG O

(3) X =X #H

oo

LU (@)} = 0()  eaala) + 0/ 0)

n=
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9.1 Fourier %

[ S e

. . 2
(1) sint  HAE 27, sin3t  HiE % i

L 3sint

£E 765

+2sin3t By HiE 27

. 2 .
(2) sin4t  HiE g,cosﬁ S 77T,Eﬁl2+53|n4t+4c037t6’\7 AR 27

. 2 )
(3) sin3t ,ﬂ;ﬁ%%,cosm HAE 2, # 2sin3t + 7Tcosnt B Hi #

(4) cosmt  HAES 2,sin2nt HARS 1, #X 7coswt + 5sin2nt B HAR 2

(5) sin(5t/2) HAG %ﬁ, cos(6t/5) HiE 5% sin(t/7+30°)  HAR 147, B

47

5
L X =k x X = kg x 147 (k1. ko, k3 € N)

5 3

By =175 ko =84 kg =10, # sin(5t/2)+3 cos(6t/5)+3sin(t/7 +30°)

7 HASS 1407

3.

In presentation of his paper in 1807 before the French Academy of Science, J.
B. J. Fourier claimed that any function f(x) whatever defined in the interval
(== , m), no matter how capriciously, can be represented in that interval by

(0. 9]

f(z) = a—zo +  {ap,cosnx + b, sinnx}
1

n=

unfortunately, Fourier’s paper was rejected for lack of rigor.

(1) Derive the Euler formulas for the Fourier coe cients a,, and b,,.
(2) What condition is needed for validity of Fourier’s claim ?

(3) Give an example in which the Fourier coe cients do not exist.

I
L <y
(1) N
f(x) = % +  {a,cosnx + b, sinnz} D
n=1
(1) K 1#)

<f(x),l>=%<1,l>+

n=1

an < cosnx,l1>+b, <sinnx , 1>
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27 2

1 g . x 2r . 2 2m A7
b, = — z”sinnzdr = —(——cosnx + — sinnz + —cosSnx) = ——
m 0 m n n n 0 n
1 )
4 4 At
= _  + — _
f(x) 3 n:l{n2 cosnx - sinnx} D
@ z=0 H@ORX &
e < 4 ViV 1 1
— 4+ J— — —gj = _ ) + + =11(2 2+
3+ {5y 080 Thsin0} = S{f(0) + /(07)} = F{(2n)’ + 0}
< 4 472
— =op2_
e N " 3
i 2
< 1 s
— = 2
n=1 n? 6 ( )
@R z=x EHQQRX &
4% > 4 . 1 _ _ o
= +n:1{ﬁ cos nmw — ;Slnmr} = §{f(7r Y+ D)) =f(r)=7
TACD" _ L 4t ™
oy > 3 3
E& 00 (_1)n—|—1 7T2
n=1 n? B E (3)
@A+ A, &
o0 i+ o0 (_1)n—|—1 7T_2 71__2
R R 6 12
&
o0 2 7
n=1,3,5 n? = 4
*_1 _=
n=1 (277’_1)2 B 8
6 =3 BORX &
4% 2 4 nr 4w . nw ™ T\9
-+ I SRR — —) = )= (—
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9.1 Fourier B

RE

29.

f@)=x(-1l<z<l), f(x) = f(x +2). Find the phase angle form of the

Fourier series of the function.

=

[ 3

fx) B BA289% B, %
f@@)=ap+  {aycos(nmx)+ by, sin(nrz)}
n=1
ap — 0 Ay — 0,
1 n
b, =2 xsin(nrx) doe = _2cosnm = —2(=1)
0 nm nm
i - .
@)= " Gintra) = A, cos(nrz + 6)
n=1 n=1
X R ERR Fourier
A= a2Al= (_ZCOSmT)2 _ i
nm nw
A
9= tanfl(—b—”) = tan !(——2T

an 0

)= (-1)"tan" () = (-1)"3

30. f()B Mamy B, f(o) BEERX Fourier &
0 ' P A ‘
J(x) = - Cret Cp = 2 ] f(2)e T da
32 = f(x) B Fourier BB
F@) = a0+ {ancos("E) + b, sin(2E)}
n=1 4 14
RGeS
ap = = f(x)dx
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9.1 Fourier ## & 793

31. Expand the periodic function 7N

1 0<t<l

JO=" 1 1122

with period 2 in a Fourier series in complex form.

[ S e
1 0<t<1l

=", L, fO=ie+2)

W) BOMR28E B,

f(f) — Cn eimrt

n=—oo

1 1
f@)e "t = % f(t){cos(nrt) — i sin(nwt)} dt
—1
1 1
-2 f@{—isin(nmt)} dt =i — sin(nmwt) dt
0 0

-1

NI~ N -

. L
= L cos(nnt) = ——(cosnm —1) (n#0)
nim 0 nim

1
f)dt=0
-1

00:

N =

32. Find the complex Fourier series of f(z) = e if —m < 2 < 7 and

f(x + 27) = f(x) and obtain from it the usual Fourier series. 23
o0 .
G = f(z) = Cpe™®
n=—oo
1 7 s 1 7 s
Cpn = — fl@)e " de = — e dx
27 27

—T —T
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@ ) =520+ 5u() , #
Uw) = F{u(t)} = %gf{z(t)} + %y{y(t)} - %m(w) + % jiw

lig
1

Uw) = F{u@®)} = mo(w) + I

15 ¢ Bt Fourier | &
(D) f()=e" (a>0)
(2 g()) =te™" (a>0)

(3) h(t) =t2e /2 S igpt 3
B =
(1)
o] ) o0 ) '
F{ft)} = f)e "ttt = e~ Wem M gt
—00 — 00
0 o) ) . 2
— o~ (at*iwt) gy — o+ (52)" - (50) gy
—00 —00
2 o .
= ¢ e et 5)* gy
—00
11}2 ;
= e 4. — (a>0)
a
o0 ) ;
( B e Wat= =)
S a
(2) B
2 T 2
Ty =F{e =~
W
2 = 72 = ‘}2
Flo)=Fle =il Toowy=n DL
(3) _
Fleaty= L% (1)
a
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9.5 Fourier i

RE

855

1) o, 1B
a2 1 2 To_w? w?
af 42 at - _ . o v -
F{-te "} 3 + ik (4a2)
L5 _ )
1 ﬁ w 7T w? w
a (42 —at i A v n i .
F{tce "} 2 e e (4a2)
J— /E
a=3 A B
F{e 2y =V2r T (1—w?)
16. The comb function d(t) is defined by d(t) = ot — kT)
k=—00
where 6(t) is the Dirac delta function, and 7' is the period of d(t).

(1) Sketch the function d(t).

(2) Find the complex Fourier series of d(t).

(3) Find the Fourier transform of d(%). e FERH

25 w B B f() B Fourier  HRFYRIE
1. K B @) WEEA Fourier | B
2. B f(t) BEETE Fourier| % Fourier
[ e
(1)

d(t)
ot +2T) o6(t+1T) ‘

v

5(t) 0(t—T) &6(t—2T)
N

> 1
2T =T T 2T
(2)  d(t) BEER Fourier BB
d(t) = C, et T

n=—oo
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%5 9 B Fourier #d . M5 . WO ER

T

l 2 71217“[, _ 1 % 77;27’,3?1, _ l
i . -
0= Crel 7 = . ST
© 1 2nrt 2t 2nm
% = —Z{t T V= -
@ Fliy= — FFEFY =T S
17. Let O<o<t +2 Please find the Fouri
. L€ = ) = . ease 1IN € rFourier
@) = .o, fE+D) = @
integral of f(x). e
#3 w3k H B f(x) B Fourier W 3K f(x) B |Fourier |
B = f(z) BEREEA Fourier #(,
f(x) — Oneimrz
2 1 —inm
C, = l f(m)e*i””dm — 1 e TITE 1. = 1- .6 : (n # 0)
2 2 2inT
1 1
[ N .
Fw)=Z{f(x)} = CpF ™) = 2rCro(w — nm)
§(x) £ Dirac delta & , # f(x) #J Fourier =
flx) = ZL F(w)e™ dw = { Cd(w — nm)Ye™ dw
™ —00 -0 N=—00
18. f(x) B War By B,
) = sinz ;0<z<m
e 0 T <x<0

K f(2)

Fourier
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